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Abstract

In this paper we introduce a new class of stochastic Petri nets in which one or more places can hold fluid rather
than discrete tokens. We define a class of fluid stochastic Petri nets in such a way that the discrete and continuous
portions may affect each other. Following this definition we provide equations for their transient and steady-state
behavior. We present several examples showing the utility of the construct in communication network modeling
and reliability analysis, and discuss important special cases. We then discuss numerical methods for computing the
transient behavior of such nets. Finally, some numerical examples are presented and evidence of the accuracy of the

fluid approximation is given.
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1 Introduction

One of the difficulties encountered while using Petri nets is that the reachability graph tends to be very large
in practical problems. Drawing a parallel with fluid flow approximations in performance analysis of queueing
systems, we may define fluid within a Petri net to approximate token movement. Alternatively, some physical

systems have not previously admitted a Petri net modeling approach, as they explicitly contain continuous
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fluid-like quantities which are controlled with discrete logic. This paper presents a new methodology for

modeling such systems.

Stochastic fluid flow models are increasingly used in the performance analysis of communications[3, 11, 14]
and manufacturing systems. On the other hand, stochastic Petri nets with discrete places provide a useful
framework for specifying and solving performance and reliability models of discrete event dynamic systems
[1, 6, 9, 18, 20]. Tt is natural to extend the stochastic Petri net (SPN) framework to Fluid Stochastic
Petri Nets (FSPNs) by introducing places with continuous tokens and arcs with fluid flow so as to handle
stochastic fluid flow systems. This paper extends the model in an earlier paper [19] by allowing the level of
fluid in continuous places to affect the enabling of timed transitions and the rates of fluid flow into and out
of continuous places. Rules for transition enabling and firing are extended to reflect the notion that flow

through a fluid place represents token movement.

An FSPN contains two types of places: discrete places containing a non-negative integer number of
tokens, and continuous places containing fluid. Transition firings are determined by both discrete places
and continuous places, and fluid flow is permitted through the enabled timed transitions in the Petri net.
Associating exponentially distributed or zero firing time with transitions, we can then write the differential
equations for the underlying stochastic process. We also provide additional examples of FSPN usage, and

discuss numerical issues arising in the solution of the underlying dynamic equations.

A key advantage of a methodology such as FSPN is that it hides from a modeler the technical difficulties
associated with solving the underlying differential equations; it unifies within a common framework a large
subset of the many diverse systems of evolution equations one might directly use to model joint discrete and
continuous systems. Embedded in a modeling tool, the FSPN methodology allows a user to simply model a
complex process and leave to the tool builder the task of transforming the FSPN formalism into equations
which can be solved numerically. In this regard FSPN follows the path of many modeling formalisms,
including commercially sold system modeling tools (e.g., MatLab’s suite of tools) and the actively studied
discrete stochastic Petri nets formalism. However, the modeling power of the FSPN formalism is greater than
that of SPNs, in that FSPNs describe stochastic processes that cannot be equivalently described in a pure
SPN. Another rationale for FSPNs is that they can be used to approximate certain types of stochastic Petri
nets; we will show by example that the approximation can be quite good, and the computational savings

quite large.

The main motivation of this paper is to put the research by Mitra and his colleagues [3, 11, 14] in the
context of Petri nets, to make some extensions and to investigate the numerical transient analysis of such

stochastic fluid models.

The paper is organized as follows. In Section 2 we develop the fluid model of stochastic Petri nets and in
Section 3 we discuss their analysis. Examples and special cases are described in Section 4, numerical solution
techniques are described in Section 5, while numerical examples are given in Section 6. The paper concludes

in Section 7.



2 The Stochastic Fluid Model

Following the customary notation [8, 15, 17] for defining Petri nets and their extensions, we define a fluid
stochastic Petri net (FSPN) as a 8-tuple (P, 7,4, mg, F,W,R,G ). P is a set of places partitioned into a
set of discrete places Pyq and a set of continuous (or fluid) places P.. The number of fluid places is F' > 0,
indexed by £ = 1,2,---, F. In a graphical representation, we shall depict continuous places by means of
two concentric circles. The set of transitions 7 is partitioned into a set of (exponentially distributed firing)
timed transitions 7g and a set of immediate transitions 7;. The set of directed arcs A is partitioned into
two subsets A, and Ag4. A, is a subset of (P, X 7g) U (7g x P.) while Aq is the set of discrete arcs, defined
below. In a graphical representation, arcs in A, are drawn as double arrows (to suggest a pipe) while those

in Az are drawn as single arrows.

Let mg = (#pi, i € Pq) be the vector of the number of tokens in discrete places and let & = (zg, k € P,)
be the vector of the fluid levels in continuous places. We will say that mg is the discrete marking of
the net. Let M denote the number of discrete markings, which will be indexed by the symbols ¢ and
J, with 4,7 = 1,2,---, M. The complete state (marking) of a fluid Petri net is described by the vector
m = (Z,mg) where mg is the marking of the discrete part of the state and & keeps track of the fluid
levels in the continuous places. Let M be the set of all complete markings (#, mg) and Mg be the set of

all discrete markings. The initial marking is mg = (#o, mq4o). The set of discrete arcs A4 is a function

.Adi(('PdXT)U(TX'Pd)XMd)ﬁ]N.

In our formulation an enabled transition in 7 may drain fluid out of its continuous input places, and
may pump fluid into its continuous output places. The rates of flow may be dependent on the complete
marking (#Z,mg4). In a general formulation of a stochastic Petri net (embodied, for example, by SPNP [7, 8])
the conditions for enabling can be specified either through explicit arcs or through Boolean functions known
as guards. We will allow both of these possibilities. We will continue to use the enabling and firing rules
employed in SPNP with the additional possibility of a guard associated with a timed transition being able
to base the enabling condition not only on the discrete marking of the net but also on the continuous part.
We disallow the enabling of immediate transitions by fluid levels as this would lead to Z-dependent vanishing
markings, which cannot be eliminated in a manner analogous to that of GSPNs [1]. Thus the guard function
G is defined for any timed transition in 7g so that G : 7 x M — {0, 1}. For a timed transition 7 € 7g, G(1, m)
is a Boolean function that will be evaluated in each marking, and if it evaluates to true, the transition may
be enabled; otherwise 7 is disabled. Unspecified guard functions are assumed to evaluate to true. (Guards
can also be used to specify behavior indicated by inhibitor arcs [8]; we will take the liberty of using inhibitor
arcs in our examples as they add visual clarity.) Upon firing, the transition removes a specified number of
tokens from each discrete input place, and deposits a specified number of tokens in each discrete output
place. The basic extension we have made from [19] here is that fluid levels in continuous places can change
the enabling/disabling of timed transitions in the discrete part of the net. A discrete marking mgy is said

to be a vanishing marking if one or more immediate transitions are enabled by it; otherwise it is a tangible



marking.

The firing rate function F is defined for timed transitions 7g so that F : 7Tp x M — RT. Thus if a
timed transition 7 is enabled in (tangible) marking m, it fires with rate F(r,m). Note once again that in
[19], these rates were not allowed to depend upon the fluid levels but now we do allow the firing rates to be

dependent on fluid levels.

As in [19], the weight function W is defined for immediate transitions 77 so that W : T x My — RT.
Thus if an immediate transition 7 is enabled in (a vanishing) marking myg, it fires with probability
W(i, mq)
> W0, mg)

#€Tr enabled in mg

Next we describe the evolution of the continuous part of the marking. The flow rate function R is defined
for the arcs connecting a continuous place and a timed transition so that R : A, x M — IR* U {0}. Thus
when the FSPN marking is m; € M at time ¢, fluid can leave place k£ € P, along the arc (k,7) € A, at rate
R((k,7),m;) and can enter the continuous place k at rate R((, k), m:) along the arc (7, k) € A, for each
7 € Tg that is enabled in m;. The instantaneous rate at which fluid builds in a place £ € P. at time ¢, in
marking m;, is then given by

ri(my) = > R((1, k), m;) — > R((k, ), my).

7€TE enabled in m; 7€7TE enabled in m;
We require that for every discrete marking mg and arc (7, k), the rate R((7, k), (¥, mq)) be a “nice” function
of #, e.g., it is piecewise continuous. Observe that since m; contains continuous levels #, r;(m;) may change
as a function of ¢ even if the discrete part of m; does not change. Once again we have extended the definition

in [19] by allowing these rates to be dependent on fluid levels.

Now let X1 (?) be the fluid level at time ¢ in a continuous place k € P.. We assume that there is an upper
bound on the fluid content, that is, Xj(¢) < By, for all ¢ > 0. If there is no such upper bound, we set By to
0o. Then the sample path of X} (t) satisfies the differential equation

[re(me)]T  if Xp(t) =0

ka(t) _ [rk(mt)]_ lf Xk(t) = Bk (1)
dt ri(my) if  0< Xp(t) < By and rg(my_)ri(meq) >0
0 if  0< Xp(t) < By and ri(my_)ri(meq) <0

In the case X;(¢) = 0 and rx(m;) < 0, we set the actual rate equal to zero (denoted by [rg(m;)]T =
max(ry(my),0)) in order to maintain X;(¢) > 0. In the case that X(¢) = By and ri(m;) > 0, we set the
actual rate equal to zero (denoted by [rp(m;)]” = min(rg(m),0)) in order to maintain X (¢) < By. For
the explanation of the remaining cases, we refer the reader to [11], Section II. The key observation (for the
fourth case) is that a sign change from + to — in r4(m;) at m; will “trap” X (¢) to be constant. Finally, let
Mg(t) be the discrete marking at time ¢.



In the next section we study the joint process (X (t), M4(t)), where X(¢) = [X1(t), k € P.].

3 Analysis

Recall that X (¢) is the fluid level in the k' continuous place at time ¢. The reachability graph corresponding
to the discrete part of the net gives rise to a stochastic process that is a Markov process with the state space
M. In the special case that the discrete part of the net is not affected by the fluid levels, the discrete
part of the net gives rise to a CTMC [1]. Let S be the discrete state space and let Q(Z) = [g;;(&)]
be the matrix of transition rates derived from the firing rate function F of Section 2. S corresponds to
the set of tangible discrete markings in M. For every Z and place k£ € P, define the diagonal matrix
Ry (%) = diag(ri(¥,mq)),mg € S.

Define the distribution function H(¢,Z,mgq) = P(X(t) < &, and Mg4(t) = mg) and let ﬁ(t, ) =

[H(t,Z,mq), mq € S] be a row vector.

To begin with, we assume that the rate functions Rj(Z) are differentiable functions of # and transition
rates Q(¥) are piecewise right continuous functions of Z. We also assume that the capacities of the continuous
places are infinite. Under these assumptions, it can be shown that (X(t), M4(¢)) has a density h(t, Z, mq)
for all & with non-negative components and m4 € S and has a probability mass c(t, #, mq) if # has at least

one component equal to 0, where

C(t Zm ) . P(Xk(t) =01if 2 =0, Xk(t) S (l‘k,l‘k —|—d33k) if 2, >0 V]C)
o v I_Ik::ck>0dmjIc

Let E(t, Z) denote the corresponding row vector of hA(t, Z, mq).

The next theorem gives the coupled system of partial differential equations satisfied by h and ¢. These

equations describe the transient behavior of the FSPN.
Theorem 1:

The equations satisfied by h are

oh A(hRy(Z) = ... .
E*‘Xk:T = hQ(%) (2)
e(t,¥,mq) = 0

if, for any k, zp =0 and rp(Z,mq) >0 (3)

et &,ma)+ Y h(t, &, ma)re (¥, ma)+

k:x=0



0 - - o -
Z ﬂh(t,x,md)rk(l‘,md) = Zc(t7£72)qi,md(x)

k>0 * i€S
if rp=0 = rk(f,md)<0 Yk (4)

Proof:

Here we provide an intuitive proof for the E—equation, a rigorous proof is given in the appendix.

Assume for simplicity only one fluid place and ri(z,7) > 0. Consider a portion of the function h(t,z,1)
at one instant in time in the vicinity of the location = z;. We consider a cell surrounding this point whose
left and right boundaries are located at z_ and x4 respectively. Let the discrete values h(t, 21, ) and g¢;;(z1)

represent the mean values of A and ¢;; respectively within the cell. This situation is illustrated in Figure 1.

h(t,x,i) /T\/—r

X, X X4
o) T \
h(t.x,j) /F\/_\ 5it9)
x. ;1 X4
|
AX

Figure 1: Derivation of FSPN equations

Probability mass must be conserved. We may therefore derive a balance equation for the change in

probability mass inside the cell:

mass in cell leaving cell

change in probability | total mass total mass
B entering cell .

Probability mass enters the cell at the location z_ at the rate r(z_,%) and leaves at z; at the rate r(zy,1).
In addition the cell gains probability from the corresponding cell of each other discrete marking m;, m; # m;
at the rate ¢;;(z7) and loses probability to them at a total rate of —g;;(27). The balance equation for the cell
probability mass becomes

dh(t, x;, 1
dh(t,.i)

A
dt

= h(t,x_,i)ri(w_,i) = h(t, ey, i)r (g, 1) + Az gga(z)h(t, 20, 5) + qui(@)h(t, 21,)). (5)
J#i

The equation is identical for the case r1(z,i) < 0. Dividing the vector form of Equation (5) by Az and

taking the limit as Az — 0 we obtain

dh  A(hRa(F))



The argument generalizes easily to the case of more than one fluid place, yielding Equation (2). The cell is

in general a hypercube of sidelength Az.

O
Theorem 2:
The equations for the cumulative probability distributions H are
8H i 0
Z (HRy(Z)) = HQ(Z) — / / Q dzy .. .dep (6)
8I‘k
with the boundary conditions
H(t,Z,i) = 0 at zp,=0, if r(&,1) >0 (7)
oH
lm — = 0 8
hmoo g (8)
Proof:
Using the abbreviations
oH oA
0 ~ Ozy...0zp

and noting that

we substitute into Equation (2) and integrate with respect to &:

/gt( ) /Zamk (a—ka< ))df: j“f’q(f) ;

which yields (6). Equation (4) is implicitly contained in Equation (6), along with the boundary condition
(7).

The boundary condition (7) follows from the observation that the fluid level in place k& cannot remain
at 0 for a positive amount of time in state mq if the net rate ri(Z, mg) > 0. The boundary condition (8)

comes from the observation that H represents a probability distribution with respect to each xj, and must

therefore approach an asymptotic value as zj tends to infinity (or reaches its maximal value).

O

This method of deriving partial differential equations that represent conservation laws i1s well established

in computational fluid dynamics, where it is known as the “Finite Volume” technique [16].



The assumptions on R (#) can be relaxed and we can allow Ry (&) to be piecewise differentiable and
fluid places to have finite capacities. This may introduce non-zero probability masses at the inter-region

boundaries and will need to be explicitly accounted for.
The domain of Equations (2) and (6) is
0< z < By
0< t <o,
although in practice we will only be interested in the finite domain 0 < ¢t < tmaz, 0 < z; < min{zmaz, By}
(where zmaz is finite when B = 00).
The initial conditions for Equation (6) are

(

0,Z,4) = 1 if i=mg and & > &y
(0,#,¢) = 0 otherwise.

H
H

The initial conditions for Equation (2) are

e(0,Z,i)=1 if (Z,i)=mg, and 0 otherwise.

Now suppose the following limits exist

F(Z) = lim H(t, 7).

t—o00

Then from Theorem 2, we see that the steady-state distribution ﬁ(f) obeys the following system of differential

equations

0

> o (F@oma@) = e - [ 722 az (9)

with the normalization condition lim ﬁ(f)é’: 1, where €'is a column vector of all 1’s.
r— 00

We note that the steady-state distribution F exists when

lim > (F)re(#,i) <0 k=1...F

T} —00 4=

where @ (&) is the solution of



3.1 FSPN with a Single Continuous Place

In the special case of a single continuous place, Equation (9) reduces to:

SF@RE) = F@ae - [ 722 4, (10)

In the special case that R(z) and Q(z) are both independent of z, following [3], solution of such an

equation is of the form ﬁ(m) = he*® where h is a row vector and A is a scalar. Substituting in (10) we have

h(AR — Q) = 0. (11)

If a non-zero A is to satisfy the above equation, we must have det(AR.— Q) = 0. The number of solutions
of det(AR—Q) = 0 equals the number of non-zero diagonal elements of R(z). Let these solutions be denoted
by A1, Az -+, A, Let El be the solution to Ei(AiR — Q) = 0. Then the general solution to (10) is given by

k
Fz) =" ajhie*™ (12)
i=1

where the scalars a; need to be determined from the boundary conditions and the boundedness of ﬁ(r) It
is known that the number of A;’s with positive real part equals the number of negative diagonal entries of
R. The coefficient @; corresponding to an eigenvalue A; with Re()\;) > 0 must be zero in order to maintain
boundedness of f(r) The remaining coefficients a; are uniquely determined by the boundary condition

F(0,m)=0if r(m) > 0.

Now if R(z) and Q(z) are both piecewise constant functions of z, we can apply the above procedure for

each different segment and piece the individual solutions together [11].

In the general case, we can use numerical solution methods for linear ODEs that are available. We refer
here to explicit methods such as RKF-45 or implicit methods such as implicit Runge-Kutta [4] or TR-BDF2

[5] and so on.

4 Examples

Next we examine a number of examples to illustrate the modeling power of FSPNs. For descriptive purposes
these examples are simple, the real modeling power of the FSPN formalism is found in more complex models

with more fluid places.
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Figure 2: FSPN Model of Statistically Multiplexed Network Switch

4.1 Statistical Multiplexing of an ATM Switch

For our first example, we recast the problem studied in [11] as an FSPN. We have K sources of ATM cells.
Each source emits both high priority and low priority cells; the arrival rate of each depends on the state of a
two-state CTMC, e.g., if the source’s CTMC is in state s € {1,2}, then the rate at which high priority cells
are produced 1s )\(‘?, and the rate at which low priority cells are produced is /\553) All cells are delivered to
a single switch, with buffer capacity B. All low priority cells are discarded when the buffer level is greater

than some B; < B.

The FSPN for this problem is illustrated in Figure 2. The number of tokens in place p; reflects the
number of sources in state ¢, i = 1,2. The rate at which sources change from state 1 to 2 (alt., 2 to 1)
is #p1A1 (alt., #paXa ). Letting r?igh and rl°® denote the rate at which high and low priority cells are
generated by a source in state ¢, the aggregate arrival rate of fluid to the buffer from sources in state ¢ is a

function of the discrete marking :
fi(#plﬂ #Pz) = #pi(r?igh + T,gou)).

The overall arrival rate as a function of the discrete marking is

Y(#p1, #p2) = Fr(#p1, #02) + f2(F#p1, #02).

The fluid level in the place loss reflects the total cell loss since time 0 (like the cell buffer, it is initially
empty). The rate ¢(z) at which cells are successfully switched out of the buffer with level z is ¢(z) = ¢ if
z >0, and ¢(z) = 0 if z = 0. Of more interest is the function L(#p1,#p2, z) describing the rate of cell loss

10
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Figure 3: FSPN for the Machine Breakdown Model

(both into and out of the transition so labeled):

0 if0<z< B
Lo dhp ) = 4 TP B 4 it o pary " — i B <z < B
1, 2 — 7 7
#p1rl 4 #Eparl? 4 [t 4 oyt — ot -
[c — #plrflgh + #pzrglgh]‘*‘ ifx =B,

When z < By, low priority cells are not discarded automatically, and any loss is the difference between the
aggregate arrival rate and the service rate. Low priority cells are dropped automatically when B; < z < B,
and further loss may be due to an inability of the server to keep up with the aggregate high priority arrival

rate.

4.2 Machine Breakdown Model

In the previous example, fluid levels have no effect on the behavior of the discrete portion of the FSPN. The
next example shows how fluid levels may affect the firing rate of discrete transitions. Consider a system with
N statistically identical and independent components, each with a failure rate that depends on the overall
system load [12]; the repair rate is yu. Work arrives to the system at a constant rate r and is completed at
rate d per functioning machine. Work here is considered to be a non-negative real quantity. We model this

system as an FSPN shown in Figure 3.

The model has two discrete places (p, and pq), one continuous place and three timed transitions (t;, t,
and t41ways ). The number of tokens in p, models the number of functioning machines (with the initial value

N) while the number of tokens in pq is the number of failed machines undergoing repair. The firing of the

11
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Figure 4: FSPN model of an alternating switch

transition #; represents a machine failure; given positive failure rates A; and A, and positive scaling factor

«, the load-dependent firing rate of this transition with fluid level z is taken to be

f(#p“’m) = #pu(/\l + )\2(10 — 6—055)).

Repair of a machine is modeled by the firing of #,; its firing rate is p times the number of tokens in pg. The
transition Zg1ways 18 always enabled and it continuously pumps fluid at rate r into the continuous place. The
rate of firing of this transition can be chosen to be any positive value. Whenever transition ¢; is enabled, it

drains fluid from the continuous place at rate d times the number of tokens in place py,.

4.3 Alternating Switch

In the next example we model a communcation switch with two arrival streams. One stream is bursty, with
a high arrival rate r3;4, when active. It is described as an alternating process, that is on for an exponential
period of time with rate A,,, and off for an exponential period of time with rate A,;;. The other stream is

slow, but constant (rjoy ). The switch services workload from either stream at rate p.

The switch is designed to allocate exponentially distributed time-slots to each stream, with rates Ay
and Ajyy . The time slots alternate—the fast stream is given a slot, then the slow stream, and so on. The
FSPN modeling this switch is illustrated in Figure 4.

12



5 Numerical Transient Analysis

5.1 Discretization

We choose to solve the equations for the probability distribution (6) rather than the density equations (2).

However, the techniques presented below hold for both cases.

We perform a semi-discretization of (6) in the coordinate directions zy, using a first-order upwind method.
In the nomenclature of Section 3, the upwind scheme approximates values at the boundaries of the cell by
those at the neighbouring grid points in the upstream direction, relative to the flow direction r. We choose a
finite domain 0 < z < zmazx and use G equidistant grid points in each coordinate direction. The grid spacing
(mesh size) Az is therefore equal to maz/(G—1). In the case that the capacity of a fluid place is unbounded,
note that since we are using a finite spatial domain, in order that the boundary condition at infinity (8) be
approximately satisfied, xmaxz must be chosen to be sufficiently large. We use the notation ry i, 1. =
re(hAz, .. lpAzD), ¢ 1r = ij(LlAz, ... lpAz) and INJZ-JIW’]F (t) = H(t,hAz,...,lpAz,i). The
upwind discretization is given by

1 [7 I .
0 Az (Hi,...,l L) = Hy -1y, (2 ) if vk 020
—H(t7’mk:IkAI‘,”L)% Al <~ k () N( )k () P

Az

. (13)
dzy Hi 41y, (1) — Hi,...,lk,...(t)) it rp . <0

An analogous expression may be used for the discretization of the term %(HR;C) in Equation (6).

We obtain from the semi-discretization the linear system of ordinary differential equations

dH - -
—=HQ (14)

where the unknown vector
H= (H1,01,...,0F, Hioy1ps -0 HM,G—11,...,G—1F)

is obtained by a lexicographic ordering of the unknowns by fluid place and by the discrete marking.

The matrix Q is given by
Q=Q+W
where Q is derived by sampling values of Q(z) at the locations /; ...lp and represents the CTMC of the
discrete part of the net, and W represents the discretization of the space derivatives multiplied by the flow

rates.

The matrix Q has the block structure

Q=

13



where
9i,5,01,...,0p 0

Qij =
0 95,5,(G=1)1,...,(G=1)F

Note that, since Q is a CTMC matrix at any location in z-space, it follows that Q also has this property.

The block-diagonal matrix W has the form

where W,; € RE"xE" represents the discretization of the second term of Equation (6) for the i-th discrete
marking using the upwind method (13). Each W; is a sparse, banded matrix in which each column is either
zero or has a positive main-diagonal coefficient and non-positive off-diagonal coefficients containing the rate
values r; . at the appropriate spatial location. In addition, the main diagonal coefficient is the negative
sum of the other entries in its column, since each value of r;  contributes to the equations at neighbouring
spatial locations, but with differing sign. Details of the upwind discretization may be found, for example, in
[16]. Each sub-matrix W;, and thus also W therefore represents the transpose of a CTMC.

The linear system of ordinary differential equations (14) thus defined may be integrated by any standard

method. In the numerical examples in Section 6 we will use the Forward Euler scheme
H(t+ At) = H(t) + AtH(1)Q.
Note that for this scheme the discretization mesh sizes must satisfy
k,IT.&.L,)I(F,i Phiy, e i A < Az (15)

in order that the integration be stable.

5.2 Numerical Integration in a Transformed Domain

In order to avoid the difficulty of solving Equation (6) in an arbitrarily large and @ priori unknown domain

when one or more fluid places have an unbounded capacity, we can perform the coordinate transformation
yp=1—e (16)

which maps the infinite interval zj = [0, 00] to the finite interval y;, = [0, 1]. Equation (6) then becomes
oH d (= . 7 .0Q
— — | HR 1-— =H — H—dy 17
i 2 gy (1) 0 —o0) = Q@) — [ 5209 (1)

14



for ﬁ(t, ¥). The boundary and initial conditions remain unchanged.

This minor modification to the equations makes their solution significantly easier, since the decision
where to place zmaz must no longer be made, and the danger of an inappropriate choice avoided. The
coordinate transformation has the additional advantage of compressing the infinite interval of the large z
values, where in many cases the solution shows virtually no structure, into a small space. Furthermore, using
this transformation, we can obtain numerical values at # = oo, which correspond to the probabilities for
the discrete markings, whereas in the untransformed case these must be approximated by values obtained

at = zmax.

5.3 Problem Size

Recall that G' denotes the number of gridpoints in each dimension z;, F' the number of fluid places, and M

the number of discrete markings. The number of time-steps to be integrated i1s 7.

The computational complexity for the solution is O(TM GT') floating point operations, since for each of
T timesteps we must increment each solution value in an F-dimensional grid of sidelength G for each of
M discrete markings using O(1) operations. Note that for an explicit integration method such as Forward
Euler, because the condition (15) must be satisfied, an increase in G must ultimately be accompanied by a

proportionate increase in 7.

The storage requirements of the algorithm are at least 4M G bytes since for each of M discrete markings
we must store an F-dimensional grid of floating point numbers with sidelength G. Solutions at successive

time-steps can be overwritten.

Since the sidelength of the grids G may typically be of the order of 50 or more when a simple discretization
is used, we see that this would seriously limit the size of the FSPNs that can be solved. Future work must

therefore include strategies for reducing the amount of memory needed to represent the function H.

5.4 Time Integration by Randomization

Randomization is a numerical method widely used for the solution of systems of ODEs of the form (14). Tt
has the advantages of high numerical stability and low roundoff error, a prior: specification of absolute error
tolerance requirements, and is in addition often found to be faster than numerical integration schemes. The
method has superior roundoff error behaviour when the matrix P = (7 + %Q) has all coefficients bounded
between 0 and 1, where A > HlaX|Q“'|. This is for example the case when Q is a CTMC.

As the following Theorem shows, the semi-discretized FSPN Equation (14) also has this property, indi-

cating that randomization may prove to be the method of choice for computing transient solutions.
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Theorem 3:
For the matrix P = (I + %Q), where Q is the matrix of Equation (14), holds

0<P; <1 Vij.

Proof:
It 1s sufficient to show
Qii, Wi; <0, and Quj, Wy; >0 i# 3, (18)
—Qiu>Qij, Qji i#7j. (19)

We have

Qi;, W;; <0, Qi Wi >0 i#j,

Qii:_Zsz, Wii:_zwij~

i) i)
since Q is a CTMC and W represents an upwind discretization. Equations (18) and (19) follow directly
from Q =Q+W.

6 Numerical Examples

6.1 Machine Breakdown Model

For our first illustration of the behavior of an FSPN we choose the model of Section 4.2. We consider the
case of one processor only, and parameter values of Ay =2, A =0, p =3, r = 1 and d = 2. In this case,
both R and Q are independent of #. We solve the equations for the distribution (6) in the range 0 <t < 4,
0 < z < 4. We discretized with stepsizes Az = 1/64 and At = 1.0e — 4. The numerical results for this

problem are shown in Figure 5.

For this simple case, it can be shown via Laplace transforms that the steady state solution is given by

H(z,UP)
H(z, DOWN)

0.4(1—e™®)
0.2(3 — 2¢7%)

The transient solution values obtained at ¢ = 4 agree closely with these results.

Now we modify the example to allow dependency of the matrices R. and Q on the fluid level z. First we

extend the model to contain a backup server which is only used when the primary server is down and the
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Figure 5: Numerical Solution of the Breakdown Model
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Figure 6: Numerical Solution of Modified Breakdown Model

load level reaches a value of 0.5. We thus have

2 mg=UP
d=< 0 mg = DOWN, 2 <05
2 mag=DOWN, z>05

The dependency of Q on z is obtained by setting
A((L‘) = )\1 + )\2(1 — B_Qx)

choosing @ = 1, Ay = 1 and Ay = 2. The results of this computation are depicted in Figure 6. Note the

discontinuity and change of slope at = 0.5, when the backup server is started.

Figure 7 shows the results for the unmodified breakdown model, using the equation in transformed
coordinates (17). Here integration until £ = 24 has been performed. Note that the solution obtained for
H(DOWN) at t = 24 appears as a straight line through the origin with gradient 0.4, corresponding to the
analytic solution of Equation (20).
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Figure 7: Probability distributions for breakdown model in transformed coordinates. Left: Server up; Right:

Server down.

6.2 ATM Switch Model

We now consider the multiplexed network switch model considered in Section 4.1. We set the number of
sources K to one, parameters B; = 3000 and B = 6000. High priority packets arrive at the rate 6 x 103 and
low priority packets at a rate of 4 x 103 per second when the source is in state 1, and at rates 4 x 103 and
2 x 10% per second respectively when the source is in state 2. The switch can process both types of packet
at a rate of 5 x 10 per second. The exponentially distributed rates of change between high and low priority
packet generation are Ay = 0.5 and Ay = 0.5. The results for the number of packets in the buffer are shown
in Figure 8. The left and right results at ¢t = 10 qualitatively match those of Elwalid and Mitra [11], Figure
2, right and center, respectively. An appropriate choice of parameters also yields a result, not illustrated

here, which is similar to [11], Figure 2, left.

Fluid flow can be thought of as approximating an essentially discrete process, the transmission of packets.
To investigate the accuracy of a fluid approximation to the “true” discrete process we considered a discrete
alternative to the fluid model, illustrated in Figure 9. Transitions t3, t4, t5, and ¢ all have constant
firing times (recall the notation of section 4.1): 1.0/(#p1(rfigh + rlow)), 1.0/(#p2(r§igh + vy, 1.0/e,
1.0/ L(#p1, #p2, #p3), respectively. We use constant firing times recognizing that FSPN are most naturally
viewed as the limit of such as the firing times decrease—consider an FSPN model of a stable queue: given
any initial fluid level, it will eventually be zero, like a queue with deterministic arrivals and departures.
Because of the determinacy of these new transitions, this system is not a Markovian stochastic Petri net and
does not admit usual numerical solution methods. Consequently we resort to discrete-event simulation to
estimate the transient probability distribution of #ps. Figure 10 plots both the FSPN determined cdf for z
at t = 10, and an estimate of the cdf of #ps based on 1000 independent replications. The dotted “jagged”
plots are those of the FSPN. We note that the FSPN and simulation results are in excellent agreement.
Furthermore, the FSPN results were obtained with substantially less computational effort: whereas the

FSPN solver required 6 seconds of solution time on a 120MHz Pentium-based machine, the simulator required
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Figure 9: Discrete equivalent of ATM switch model

0.85 seconds/replication, or 14 minutes for 1000 replications. One of the fundamental reasons is that the
discretization of z spanned approximately 50 discrete levels in a single step—each replication of the simulation
requires the same number of discrete firings to cover the same ground. We believe that this example provides

but a hint of the computational savings over purely discrete models that might be achieved using FSPNs.

7 Conclusion

We have defined a new class of stochastic Petri nets by introducing places with continuous tokens and arcs
with fluid flows. This new class of fluid stochastic Petri nets (FSPNs) should be useful in modeling stochastic
fluid flow systems, and may also be useful in modeling processes that control physical systems. Our model
formulation permits the discrete and continuous parts to affect each other, endowing FSPNs with the ability
to both control the fluid flow, and have the discrete control decisions be affected by observed fluid flow.
We have provided formal definition of FSPNs and developed the rules for their dynamic evolution. We
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Figure 10: Empirically estimated probability distributions for discrete ATM switch model. Left: Source
state 1; Right: Source state 2.

have derived coupled systems of partial differential equations for the transient and the steady-state behavior
of FSPNs. Spectral representation of the FSPNs with a single continuous place can be adapted from the
literature on stochastic fluid flow models. We have presented a number of examples illustrating the modeling
power of FSPNs, have considered issues arising in the numerical solution of the dynamical equations, and

have provided numerically solved examples.
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APPENDIX

APPENDIX

Proof of Theorem 1: For the proof we follow the methodology in [11]. Tt is clear that {(X (¢), Ma4(t)),¢ >

0} is a Markov process on state space Rp x S where
Rp = [0, B1] x [0, B3] x ... x [0, BF]

and S is the set of tangible discrete markings. We first derive the infinitesimal generator of the Markov

process {(X(¢), M4(t)),t > 0}.
Let f: Rp x S — (—00,00).
Using the notation in [10], let (U f)(Z,7) = E(f(X(t), Ma(1))|X(0) = &, M4(0) = j).

The infinitesimal generator, L, is given by

(LN, ) = lim ) (20)
In order for the limit in (20) to exist, f(#,j) must be continuously differentiable and f'(#,5) =0
if at least one component of Z is zero and
z, =0=rp(Z,j) <0 Vk.
Assuming this and using
(LG5 = X () g ) + Y 1 i (2) (21)

kePe. €S

The Kolmogorov forward equation for the joint cdf H(t, Z,j) is

X [rannai Z/Lf H(t,7,5) (22

for all admissible f, and where the infinitesimal operator L is as in (21). Using the mass component ¢(¢, Z, j)
and the density component h(t, 7, j) of the cdf H(t,,j) we can write Equation (22) as (with R}% as the set

of all ¥ € Rp such that at least one component of & is 0)

C;lt ZZfrJ)trJJrZ/ERD h(t, &, j)dZ (23)

:ceRO J
0
= (Z m(cf,j)an(f,j)+Zf<f,j)qij<f)) “e(t, 7, j)
ZFeRY, keP. k ieS
o0 L. L. - N
+3 (Z h(F,§) g F(F ) + Ef(:v,ﬂ)qz'j(r)) h(t, ¥, j)d.
i T \keP.
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Using integration by parts and rearranging terms, we can rewrite Equation (23) as

/_Zf(f,j){%h@,f,m%(Zrk@a t:w)) > At E, )i )}d:f:

keS

+ 3D fE ]){ o(t, & §) = Y e(t, & k)ar(F) + Y re(F, )bt T, 5) +

:L'ERO jeS keP. k:zr=0
F
S b re(E )~ 3 3T E Y re(E et ) =0
kil‘k>0 :L'ERD jes k=1

Since the above Equation is valid for all admissible f, the coefficient of f(Z,j) must be zero.

This

produces Equation (21) of Section 3. Similarly coefficient of f(Z,j) for £ € R% must be zero. This yields
Equation (23) of Section 3. Finally, coefficient of f/(Z, j) must be zero, unless f'(#, j) = 0 for the admissible

set. This yields Equation (22) of Section 3.
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