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Abstract

We examine approaches to computing the Fast Fourier
Transform (FFT) when the data size exceeds the size of
main memory. Analytical and experimental evidence shows
that relying on native virtual memory with demand paging
can yield extremely poor performance. We then present ap-
proaches based on minimizing I/O costs with the Parallel
Disk Model (PDM). Each of these approaches explicitly
plans and performs disk accesses so as to minimize their
number.

1 Introduction

Although in most cases, Fast Fourier Transforms
(FFTs) can be computed entirely in the main memory of
a computer, in a few exceptional cases, the input vector
is too large to fit. One application that uses very large
FFTs is seismic analysis [2]; in one industrial applica-
tion, an out-of-core one-dimensional FFT is necessary
(as part of a higher dimensional FFT) even when the
computer memory has 16 gigabytes of available RAM.
Another application is in the area of radio astronomy.
The High-Speed Data Acquisition and Very Large FFTs
Project at Caltech! uses FFTs to support searching for
fast (millisecond period) pulsars. The project currently
requires FFTs with 10 gigapoints, and it desires FFTs
with up to 64 gigapoints. One must use out-of-core FFT
methods in such cases.

In out-of-core methods, data are stored on disk and
repeatedly brought into memory a section at a time,
operated on there, and written out to disk. Because disk
accesses are so much slower than main memory accesses
(typically at least 10,000 times slower), efficient out-of-
core methods focus on reducing disk I/O costs. We can
reduce disk I/O costs in two ways: reduce the cost of
each access, and reduce the number of accesses.

We can reduce the per-access cost by using parallel
disk systems. That is, we take advantage of the increase
in I/O bandwidth provided by using multiple disks. If
we use D disks instead of one disk, the I/O bandwidth
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may increase by up to a factor of D. Parallel disk sys-
tems are available on most parallel computers, and they
are relatively simple to construct on networks of work-
stations.

In this paper, we shall concentrate on reducing the
number of parallel disk accesses for performing out-of-
core FFTs; Section 2 presents background material on
FFTs. Section 3 shows how poorly they perform when
they run with demand paging. Section 4 describes the
Parallel Disk Model (PDM) of Vitter and Shriver [16],
which we use to measure 1/O costs for our explicit out-
of-core algorithms.

This paper surveys approaches from two of our ear-
lier papers:

1. In [6], we modify the Cooley-Tukey method to per-
form FFTs on a uniprocessor with parallel disks.
Section 5 will review the method of that paper and
show that it is a significant improvement over using
demand paging.

2. In [8], we extend the uniprocessor method to mul-
tiple processors. Section 6 will discuss the four
variations of a multiprocessor method that we im-
plemented. In two of these variations, no com-
munication occurs during butterfly computations,
even though we are running on a multiprocessor.
Instead, communication is folded into permutation
operations that are performed anyway.

The methods described in Sections 5 and 6 sub-
stantially restructure the FFT computation by intro-
ducing permutation steps to maintain data locality.
Consequently, they are far beyond anything we can ex-
pect a compiler or custom paging policies to do, as in
the approaches of [10, 13].

2 FFTs

This section reviews Fourier transforms and out-
lines some well-known FFT methods for in-core compu-
tation. For further background on the FFT, see any of
the texts [5, 12, 15].

The FFT is a particular method of computing the
Discrete Fourier Transform (DFT) of an N-element
vector. Given a vector a = (ag,a1,...,an—1), where N
is a power of 2, the Discrete Fourier Transform (DFT)
is a vector y = (yo,¥1,--.,yn—1) for which
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for k=0,1,...,N -1, (1)
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Figure 1: The FFT computation after fully unrolling the re-
cursion, shown here with N = 8. Inputs (ag,a1,...,anx—1)
enter from the left and first undergo a bit-reversal permu-
tation. Then lg N = 3 stages of butterfly operations are
performed, and the results (yo,%1,...,ynN—1) emerge from
the right. This figure is taken from [5, p. 796].

where wy = >™/N and i = v/—1. For any real num-
ber u, we can directly compute e'* = cos(u) + 2sin(u).

Figure 1 shows the butterfly graph as it is used in
the Cooley- Tukey method of computing an FFT, drawn
for N = 8. First, the input vector undergoes a bit-
reversal permutation. A bit-reversal permutation is a
bijection in which the element whose index & in binary is
(kn—1,kn_2,..., ko) maps to the element whose index
in binary is (ko,k1,...,kn—1). After the bit-reversal
permutation, a butterfly graph of lg N stages is com-
puted. In the sth stage of the butterfly graph, elements
whose indices are 2° apart (after the bit-reversal permu-
tation) participate in a butterfly operation. The but-
terfly operations in the sth stage can be organized into
N/2*% groups of 2° operations each. Each butterfly oper-
ation has a third input, known as a twiddle factor. The
twiddle factor for a butterfly operation in stage s and
the jth butterfly within a group (0 < j < 2°7') is wj,.
The sequential running time is ©(N1g N).

Several other methods have been developed to im-
prove performance on vector machines and in memory
hierarchies, by avoiding the bit-reversal permutation to
improve locality of reference. Stockham’s method [15,
pp- 49-58] eliminates bit-reversal by incorporating per-
mutations into each of the Ig N stages of the butterfly
network. Its memory requirement, however, is twice
that of the Cooley-Tukey method.

Swarztrauber’s method uses a divide-and-conquer
approach by splitting the summation of equation (1)
into v/N summations each with /N terms. The DFT in
each subproblem is comprised of all terms whose indices
are congruent modulo v/N. The analog of a butterfly
operation adds v/N terms—also expressible as DFTs—
that are computed by recursive calls to subproblems
of size VN. When N is small enough that the original
problem fits in core, subproblems of size v/N fit in cache

on most machines, and so Cooley-Tukey is then a good
way to solve them.

3 Performance of FFTs with demand pag-
ing

In this section, we show that the in-core FFT meth-
ods described earlier perform poorly under demand pag-
ing once the problem size exceeds the available memory.
The number of page faults for the Cooley-Tukey bit-
reversal computation is at least N/4, and even under
the best of conditions the butterfly steps for all meth-
ods suffer from a poor computation-to-I/O ratio. We
substantiate our conclusions with experimental results.

Analysis of bit reversal

The following pseudocode expresses an in-place
bit-reversal permutation of N-element array A:

for j—0to N —1
do let j' be the lg N-bit reversal of 3
if j <y
then exchange A[j] < A[j']

In [6], we prove the following theorem, which shows that
the number of page faults for the Cooley-Tukey bit-
reversal computation is at least N/4.

Theorem 1 Suppose that the in-place bit-reversal per-
mutation code above is performed under demand pag-
ing with least-recently-used page replacement. Suppose
further that there are N = 2" elements in the array,
the physical memory can hold M = 2™ elements, and
each page holds B = 2° elements, where n, m, and b
are positive integers, N > 2M, and N > 2B. Finally,
assume that the array A starts al a page boundary and
that no pages of A are initially in memory. Then the bil-
reversal permutation induces at least N/4 page faults. ®

Analysis of butterfly stages
All of the FFT methods that we have discussed

exhibit relatively good locality when executing each
butterfly stage. For both Cooley-Tukey and Stock-
ham, each butterfly stage essentially sweeps through
all the data pages, exactly once, with no more than
2 data pages actively in use at a time. Swarztrauber’s
method exhibits more complex behavior, but its con-
stituent butterflies act like the other two methods. The
essential point to be noted is that during a butterfly
stage, each data point is updated once by a complex ad-
dition/subtraction (two floating-point operations), and
half the data points also involve a complex multiplica-
tion (six floating-point operations). A typical 8 KB data
page contains 512 points, and so it entails 2560 floating-
point operations. The time required to fault in a data
page is on the order of 1072 seconds (most of which is
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Figure 2: Normalized times in microseconds for unipro-
cessor FFT methods on a workstation (zayante) and a
DEC 2100 server (adams) as a function of the problem size N
in points (multiply by 16 for the problem size in bytes).
Normalized time is the time per butterfly operation, or to-
tal time divided by (N/2)1g N. Normalized times for the
Cooley-Tukey and Stockham methods are too high to show.
For Cooley-Tukey, with N = 22! the normalized time is
251.24 microseconds, and with N = 222 the normalized time
is 441.12 microseconds. For Stockham’s method, normal-
ized times for N = 22! though N = 22* range from 42.48
to 44.14 microseconds. The out-of-core method timings use
asynchronous 1/0.

independent of the page size), but the time to process
that page is about an order of magnitude less. FEven
with much better locality than the bit-reversal compu-
tation, demand-paged FFT suffers greatly from waiting
for /O to complete. We can mitigate this bottleneck
by either increasing the size of block fetched per /0O,
and/or by prefetching memory blocks. Our out-of-core
techniques do both.

Experimental results

Here we present running times of the three
demand-paged in-core FFT methods (Cooley-Tukey,
Stockham, and Swarztrauber). They were coded in C,
compiled using gcc with O2 optimization, and run on
a DEC 3000 Alpha-based workstation running Digital
UNIX V3.2C. The workstation, named zayante, has
a clock cycle of 175 MHz, 64 MB of memory, and a
512 MB virtual-address space.

Figure 2 shows normalized running times, or the
time spent per butterfly operation. The Cooley-Tukey
and Swarztrauber methods both use 16 N bytes; Stock-
ham uses 32N and so experiences heavy paging one
problem size earlier than the others. Because our imple-
mentation of Swarztrauber’s method requires N to be
a power of 4, timings for odd powers of 2 are omitted.

From Figure 2, we see the effects of demand pag-
ing. By avoiding bit-reversal, the Stockham and Swarz-

trauber methods do not experience the degree of thrash-
ing suffered by Cooley-Tukey. (In fact, we did not even
run Cooley-Tukey for N = 2%*, anticipating a run time
of about a day.) Swarztrauber’s method is notably
faster in each case, probably due to its substantially bet-
ter locality in cache. Nevertheless, we shall see in Sec-
tion 5 (and Figure 2 shows) that our explicit out-of-core
algorithm runs faster than even Swarztrauber’s method
on the same system for a problem size of N = 2%*.

4 The Parallel Disk Model

This section describes the Parallel Disk Model
[16], which underlies all the out-of-core FFT algorithms
herein.

In the Parallel Disk Model, or PDM, N records are
stored on D disks Do, D1,...,Dp_1, with N/D records
stored on each disk. For our purposes, a record is a com-
plex number comprised of two 8-byte double-precision
floats. The records on each disk are partitioned into
blocks of B records each. Any disk access transfers an
entire block of records. Disk I/O transfers records be-
tween the disks and an M-record random-access mem-
ory. Any set of M records is a memoryload.

We assess an algorithm by the number of parallel
1/0 operations it requires. Each parallel 1/O operation
transfers up to D blocks between the disks and memory,
with at most one block transferred per disk, for a total of
up to BD records transferred. The most general type of
parallel 1/O operation is independent I/0, in which the
blocks accessed in a single parallel I/O may be at any
locations on their respective disks. A more restricted
operation is striped I/0, in which the blocks accessed in
a given operation must be at the same location on each
disk.

For the multiprocessor algorithm, we assume that
there are P processors Po, P1, ..., Pp_1 connected by
a network. Network speeds vary greatly, but for the
multiprocessors that we consider, interprocessor com-
munication times are far less than I/O latencies. The
M-record memory is distributed among the P proces-
sors so that each processor holds M /P records. The im-
plementation of the PDM we use is the ViC* API [4], in
which D > P and each processor P; communicates only
with the D/P disks DiD/p, DiD/p+1, ey 'D(z‘+1)D/p_1.
(If D < P in a given physical configuration, the ViC*
implementation provides the illusion that ) = P by
sharing each physical disk among P/D processors.)

We place some restrictions on the PDM param-
eters. We assume that P, B, D, M, and N are ex-
act powers of 2. For convenience, we define p = lg P,
b=IgB, d=1gD, m =1lgM, and n = Ig N. We as-
sume that BD < M so that the memory can hold the
contents of one block from each disk, and of course we
assume that M < N so that the problem is out-of-core.

The PDM lays out data on a parallel disk system
as shown in Figure 3. A stripe consists of the D blocks
at the same location on all D disks. A record’s index
is an n-bit vector. In Section 6, we will take advantage
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Figure 3: The layout of N = 64 records in a parallel disk
system with P = 4, B = 2, and D = 8. Each box represents
one block. The number of stripes is N/BD = 4. Numbers

indicate record indices.

of interpreting a record index as a sequence of bit fields
that give the record’s location in the parallel disk sys-
tem; from most significant bits to least significant bits,

the bit fields are

o lg(N/BD) = n—(b+d) bits containing the number
of the stripe (since each stripe has BD records,
there are N/BD stripes),

e lg D = d bits containing the disk number; of these,
the most significant lg P = p contain the processor
number,

e lg B = b bits containing the record’s offset within

its block.

Since each parallel 1/O operation accesses at
most BD records, any algorithm that must access all
N records requires Q(N/BD) parallel 1/Os, and so
O(N/BD) parallel I/Os is the analogue of linear time
in sequential computing. Vitter and Shriver showed
a tight bound of © (% %) parallel 1/Os for the
FFT, which appears to be the analogue of the (N 1g N)
bound seen for so many sequential algorithms on the

standard RAM model.

5 Uniprocessor method

By designing explicitly for the PDM, we can get
considerably better out-of-core FFT performance than
we get by using just demand paging. The key idea is to
redraw the butterfly graph by inserting permutations.
We then recognize that bit-reversal and the added per-
mutations belong to the larger class of BMMC permu-
tations. We use a prior out-of-core BMMC algorithm
to produce an efficient out-of-core FFT.

BMMC permutations on the PDM

A BMMC (bit-matrix-multiply /complement) per-
mutation on N = 2" elements is specified by an n X n
characteristic matriz H = (hij) whose entries are drawn
from {0,1} and is nonsingular (i.e., invertible) over
GF(2).2 Treating each source index z as an n-bit

2Matrix multiplication over GF(2) is like standard matrix
multiplication over the reals but with all arithmetic performed
modulo 2. Equivalently, multiplication is replaced by logical-
and, and addition is replaced by exclusive-or. Technically, the
specification of a BMMC permutation also includes a “comple-
ment vector” of length n, but we will not need complement vec-
tors in this paper.
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Figure 4: The structure of the out-of-core FFT algorithm
for the PDM. After a bit-reversal permutation, we perform
lg N/ 1g F superlevels. Each superlevel consists of N/F mini-
butterflies on F' values, followed by a (lg F')-bit right-rotation
permutation on the entire array.

vector, we perform matrix-vector multiplication over
GF(2) to form the corresponding n-bit target index z:
z = H z. As long as the characteristic matrix H is non-
singular, the mapping of source indices to target indices
is one-to-one.

An efficient algorithm for BMMC permutations on
the PDM appears in [7]. This algorithm requires at
most % ({%—I + lg parallel T/Os, where ¢ is the
lower left 1g(N /M) x1g M submatrix of the characteris-
tic matrix, and the rank is computed over GF'(2). (Note
that because of the dimensions of ¢, its rank is at most
lg min(M, N/M).) This number of factors is asymptoti-
cally optimal and is close to the best known exact lower
bound.

We shall use two types of BMMC permutations to
perform the FFT.

Bit-reversal permutation: The characteristic ma-
trix has 1s on the antidiagonal and 0s elsewhere.
The submatrix ¢ has as much rank as possible, so

that rank ¢ = lgmin(M, N/M).

k-bit right-rotation: We rotate the bits of each in-
dex k bits to the right, wrapping around at the
rightmost position. The characteristic matrix is
formed by taking the identity matrix and rotating
its columns k positions to the right, and rank ¢ <
min(k,lg N — k,1g M,1g(N/M)).

Redrawing the butterfly

Figure 4 shows the structure of our algorithm. This
redrawing of the butterfly was devised by Snir [14] and
is implicitly used in the FFT algorithm of Vitter and
Shriver [16]. We use an effective memory size F. As-
sume for now that F' = M and that lg F' divides Ig N.
As in the Cooley-Tukey method, we start with a bit-
reversal permutation. Then there are Ig N/1g F' super-
levels, where each superlevel consists of N/F' separate



“mini-butterflies” followed by a (lg F')-bit right-rotation
permutation on the entire array.

Each mini-butterfly is a butterfly graph on F' val-
ues, and hence it has depth lg F' and a sequential run-
ning time of ©(F'lg F'). The size F' of a mini-butterfly
is chosen so that each mini-butterfly is computed by
reading in a memoryload, computing the mini-butterfly
graph, and writing out the memoryload.

Analysis

This FFT algorithm consists of one bit-reversal
permutation followed by lg N/lg F' superlevels. As
noted above, the bit-reversal permutation requires at
most % ({%—I + 1) parallel 1/Os. FEach
superlevel requires 2N/BD parallel 1/Os to read
and write all N/F mini-butterflies plus at most

% (Pgmln(fg’(ﬁggﬂaﬂgj’N/M)—l + 1) parallel 1/Os to per-

form the (lg F')-bit rotation permutation. Since we as-
sume that F' = M, the lg F' factor in the numerator
drops out. Asymptotically, the number of parallel I/O

operations is © (% 11§_A]>]1 (1 + %)), which
can be shown via simple manipulations to equal the

lower bound of Q (% %%%) proven by Aggarwal and

Vitter [1].
Implementation notes

We briefly mention some implementation details;
see [6] for more information.

o If Ig F' does not divide Ig N, then we compensate
in the last superlevel, computing mini-butterflies

of depth (Ig N) mod (lg F).

e The BMMC permutations affect the twiddle-factor
computations. We can still compute twiddle fac-
tors efficiently.

e The BMMC permutation subroutine is taken from
the implementation in [4]. It calls the ViC* API to
perform striped reads and independent writes. It
is carefully optimized for both in-core computation

and I/0O.

e We implemented the FFT algorithm with both
synchronous (i.e., blocking) and asynchronous
(non-blocking) I/O calls; the ViC* interface sup-
ports both.

Performance

This section concludes with timing results for the
out-of-core FFT algorithm on two different DEC Alpha
platforms. In all cases, block sizes were 2'% bytes.

We start with a direct comparison of our algo-
rithm and the in-core methods running with demand
paging on zayante. Figure 2 shows the normalized run-
ning times. With our algorithm, we used D = 1 disk,
asynchronous 1/0, and a memory size of 22° bytes, or
22! records. Using only one disk for the our algorithm

makes for a fair comparison to demand paging, since
there is only one swap disk. At the problem sizes at
which the in-core algorithms encounter heavy paging—
N > 222 for Cooley-Tukey and Swarztrauber—our out-
of-core algorithm is faster. (At N = 2, our algorithm
is over 46 times faster than Cooley-Tukey.) Considering
the overhead due to the ViC* wrappers and UFS calls,
it is impressive that our algorithm can run faster than
even Swarztrauber’s method.

Figure 2 also shows the normalized running time on
a different system, named adams, which is a DEC 2100
server with two 175-MHz Alpha processors, 320 MB of
memory, and eight 2-GB disks for data (so that D =
8). Of the 320 MB of memory, the out-of-core method
uses 227 bytes, or 128 MB. It has the same software
environment as zayante, but with eight disks, its T/O
bandwidth is much higher. The operating system may
choose to run a ready thread on either processor, and
so disk-server threads do not interfere with butterfly
computations as much as on zayante. Compared to the
in-core methods in Figure 2 even when they run entirely
in memory, the normalized times (which do include I/O
time) are at worst slightly higher and in some cases
even lower! In one case not shown in the figure (N =
22% 2% bytes of memory used, and synchronous 1/0),
the running time on adams is 144.7 times lower than
Cooley-Tukey on zayante.

6 Multiprocessor methods

In this section, we describe the modifications to
the uniprocessor out-of-core FFT algorithm that enable
it to work on multiple processors. We start by looking
at a straightforward way to extend the uniprocessor al-
gorithm to use multiple processors. Because each mini-
butterfly spans all P processors and the data layout is
stripe by stripe, this method has nonuniform commu-
nication characteristics and is difficult to implement.
By laying out the data differently (changing the band
size) and keeping each mini-butterfly within a processor
(changing the effective memory size), we derive an algo-
rithm that has no interprocessor communication during
the mini-butterfly computations.

The straightforward multiprocessor algorithm

Conceptually, the uniprocessor algorithm in Sec-
tion 5 is already a multiprocessor algorithm if viewed in
the right way. Suppose we choose the effective memory
size F' to be the memory size M over all P processors.
(Assume for the moment that we use synchronous 1/0O
so that reducing the effective memory size for additional
buffers is not an issue.) Then we can compute each
mini-butterfly by simply computing the butterfly graph
(e.g., Figure 1) on P processors, subject to the twiddle
factors being altered as mentioned in Section 5.

In reality, however, the multiprocessor algorithm
is not quite so simple. Consider the data layout in Fig-
ure 3, and suppose that the effective memory size F'is
2 stripes, or 32 records. Observe that the F'/P records
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Figure 5: Computing a mini-butterfly when the band size
is 8 = BD and the effective memory size is F' > 3/P. Here,
B =2 P =4,D = 8, and F = 32 = 2BD. Indices on
the left are record numbers in the first mini-butterfly. Twid-
dle factors are omitted. The first lg(BD/P) = 2 stages use
computation internal to each processor, where each butter-
fly operation uses two values from the same stripe. The next
lg P = 2 stages require interprocessor communication to ex-
change values from the same stripe between processors. The
last 1g(F/BD) = 1 stages use more computation internal
to each processor, where each butterfly operation uses two
values from different stripes.

that map to a given processor in a mini-butterfly are
not all consecutive. Processor Py, for example, holds
records 0 to 3 and 16 to 19 in the first mini-butterfly.
Figure 5 shows what happens when we compute the first
mini-butterfly in this situation. Each butterfly opera-
tion involves two records whose indices differ in exactly
one bit. There are three different communication char-
acteristics, depending on which bit differs.

1. Each processor has BD/P consecutive records
from a given stripe. In the first lg(BD/P) stages,
therefore, computation is internal to each proces-
SOT.

2. Each butterfly operation in the next lg P stages
involves two records from the same stripe but in
different processors. Thus, each such operation re-
quires interprocessor communication.

3. In the last lg(F/BD) stages, each butterfly oper-
ation involves two records that are from different
stripes but are in the memory of the same proces-
sor. These lg(F/BD) stages, therefore, use only
internal computation.

Because there are three different communication char-
acteristics that depend on stage numbers, we found this

Figure 6: Layouts with different band sizes in the same
configuration as Figure 3. The effective memory size F' = 32
is shown by double horizontal lines.

algorithm quite tricky to implement. Add in the twid-
dle factors, memory addressing (consider that in Py,
records 0 to 3 and 16 to 19 are in eight consecutive
memory locations), and changes for when lg F' does not
divide lg N, and the code becomes rather long and dif-
ficult to get right. Even without the ViC* API calls for
disk 1/0, it is several pages long.

Band size

Part of the problem with the above approach is
that the data layout and effective memory size do not
interact well. We define the band size 8 of a data layout
on a parallel disk system as the maximum number of
consecutive records per processor times the number of
processors. By “consecutive records per processor,” we
mean that the records should be consecutively indexed
on the processor’s disks. In Figure 3, each processor
has 4 consecutive records on its disks, and so the band
size (3 is 4 P = 16, which equals the stripe size BD = 16.
In Figure 6(a), each processor has 8 consecutive records
on its disks, and so the band size is 8P = 32; since
F = 2BD = 32, we have that § = F = 2BD. In
Figure 6(b), each processor has 16 consecutive records
on its disks, and so the band size is 16 P = 64, which
equals the total number of records N.

When the portion of a band that resides in one
processor (/P records) is smaller than the effective
memory size F, computing a mini-butterfly must in-
duce interprocessor communication. Allowing for the
band size to be even smaller—f < F—then we have
the situation above in which there are three different
communication characteristics.

Varying the effective memory size and band size

In fact, we can vary the effective memory size and
band size to simplify the mini-butterfly computations.



So far, we have considered an effective memory size of
F = M. Suppose instead that we use F' = M/ P, so that
each mini-butterfly is the size of an individual proces-
sor’s memory, and suppose further that we can change
the data layout to have a band size § > M. Then we
could compute each mini-butterfly without any commu-
nication at all, since each mini-butterfly would consist
of M /P consecutive records within the same processor.

Changing the data layout turns out to be fairly
simple. We change the bit-reversal and bit-rotation
permutations performed in Figure 4 to other BMMC
permutations. There are two important observations.
First, conversions between power-of-2 band sizes are
BMMC permutations; converting from one band size
to another is actually a matter of “sliding” the lg P
bits that give the processor number either left or right.
Second, BMMC permutations are closed under compo-
sition.

Now we can see how to alter the BMMC permuta-
tions used in the FFT algorithm. The BMMC permu-
tation subroutine assumes that the records are laid out
on the disks with a band size of BD, but the reading
and writing of mini-butterflies assumes a band size of
some value . Suppose that the n x n matrix 1" char-
acterizes a (lg F')-bit right rotation permutation with
band size BD. Let the n x n matrix II characterize
the BMMC permutation that converts a band size of 3
to a band size of BD. Let II™' be the inverse of II,
so that II™! characterizes the BMMC permutation that
converts a band size of BD to a band size of 8. Then
instead of just performing the permutation character-
ized by T, we first convert from band size # to band
size BD, we then perform the permutation character-
ized by T, and finally we convert from band size BD
back to band size 3. In other words, we perform just
one BMMC permutation, and it is characterized by the
matrix product (II7'7T'TI).

The above alteration works for all but the first
and last BMMC permutations in the FFT algorithm.
The first BMMC permutation differs in two ways: the
records start out with band size BD rather than 3, and
it is a bit-reversal permutation. If the matrix R char-
acterizes the bit-reversal permutation, then we perform
the BMMC permutation characterized by the matrix
product (IT™' R). The last BMMC permutation also dif-
fers in two ways: it may be a bit rotation by fewer than
lg F' bits, and the records end up with band size BD
rather than B. If the matrix 7" characterizes the bit-
rotation permutation in the last superlevel, then we per-
form the BMMC permutation characterized by the ma-
trix product (7"1I).

Meaningful combinations of effective memory
size and band size

Later, we present performance results for two effec-
tive memory sizes (M and M/P) and three band sizes
(BD, M, and N). Of these six combinations, only four
make sense to implement. The two that do not are

F =M/P, 8 =BDand F = M, 3 = N. In both
cases, each mini-butterfly would not contain F' consec-
utive records, and the computation would not map well
into the structure shown in Figure 4.

Recalling the interpretation of bit fields in a
banded layout, we name the banded layouts we use as
follows:

Stripe-major: = BD. Each band is a stripe, so that
the most significant 1g(N/BD) bits give both the
band number and the stripe number.

Memoryload-major: 3 = M. Each band is a mem-
oryload, so that the most significant 1g( N /M) bits
give both the band number and the memoryload
number.

Processor-major: 3 = N. There is only one band,
and it consists of all N points. Since lg(N/8) =0
in this case, the most significant lg P bits give the
processor number.

Of the four meaningful combinations, the two with
F = M/P require no interprocessor communication
during the mini-butterfly computations. We call these
the no-communication methods, in contrast to the com-
munication methods, in which F' = M. It is remarkably
simple to modify the uniprocessor FFT code to imple-
ment the no-communication methods.

We name the four methods examined as follows:

1. Stripe-major/communication: § = BD, FF = M.

2. Memoryload-major/communication: 3 = M, F =

M.

3. Processor-major/no-communication: g = N, F =

M/P.
LM,

4. Memoryload-major/no-communication: [ =

F=M/P.

Effect on I/O complexity

One can show that the T/O complexity is
N 1gN 1g min( B,N/B) .
(ﬁ é? (1 + glg(TB))). Asymptotically, vary-

ing the band size has no effect on the I/O complexity.
When F' = M, the I/O complexity is optimal, since

one can show that O (% ll—g% (1 + %)) =

O (% fgﬂ(%%). Reducing the effective memory size F'
from M to M/P increases the asymptotic 1/O com-
plexity, for there may be additional superlevels which
introduce additional 1/O.

In practice, these additional superlevels occur
rarely. Consider a configuration with 16 megabytes of
memory per processor, which works out to M/P =
2%% records per processor. Additional superlevels oc-
cur when there are many processors, so suppose that
P = 256 and hence M = 2?®. The number of super-
levels is [lg N/lg F|. When F = M, there are two
superlevels for all N in the range 2%° to 2°¢. When



F = M/P, the range of N for which there are two su-
perlevels is smaller—22' to 2*°*—but it still includes the
largest problem size we are likely to see for some time
to come.

Effect on communication complexity

Analyzing the change in communication complex-
ity with varying memory size and band size is difficult.
Of course, when F' = M/ P, there is no communication
when computing the mini-butterflies. When F' = M,
we can determine the number of MPI messages and to-
tal volume of data communicated for a particular set
of parameters; this calculation is complicated by differ-
ences in the last superlevel. Communication analysis
becomes difficult when the band size changes. Because
the characteristic matrices given to the BMMC subrou-
tine change with the band size, the communication pat-
terns within the BMMC subroutine change as well. We
do not know of a purely analytical way to determine the
exact nature of this change.

There are two non-analytical ways to determine
the effect of band size on communication complexity.
One is to instrument the FFT implementations to mea-
sure the number of MPI messages and communication
volume; the results later on use this method. The other
way does not require the FFT code to actually run. Be-
cause the entire FFT algorithm is both deterministic
and oblivious (i.e., its control flow does not depend on
the values of the N points), if we are given an exact
set of parameters N, M, B, D, P, F, and 3, then we
can calculate the number of MPI messages and total
communication volume. Later, we describe an analysis
program that performs this calculation for each of the
four methods considered, with variants for both syn-
chronous and asynchronous 1/0.

The primary question

The primary question we ask is which effective
memory size is better: M or M/P? That is, are the
communication or no-communication methods faster?
Under certain conditions, the no-communication meth-
ods may cause there to be more superlevels. And
there may be a tradeoff in communication during mini-
butterflies versus communication during BMMC per-
mutations. With the no-communication methods, we
can avoid all interprocessor communication during mini-
butterfly computations, but the modified characteristic
matrices may cause additional interprocessor communi-
cation during the BMMC permutations. Performance
results and the analysis program we have written an-
swer this question.

Performance of the multiprocessor methods

Here we present performance results for the out-
of-core multiprocessor FFT methods. We shall see that
when the number of superlevels is the same, the no-
communication methods are faster.

The platform is “FLEET,” a set of eight IBM
RS6000 workstations connected by a 100-Mbit/second
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communication methods had virtually identical perfor-
mance, and the two communication methods were very
close as well. The total time is dominated by the
BMMC subroutine for all four methods. The two no-
communication methods are about 9.5% faster than the
stripe-major/communication method.

The table included in Figure 7 shows the number
of messages and message volume, rounded to the near-
est million bytes, per processor for the mini-butterfly
and BMMC portions of the computation. We see
that in the communication methods, each processor
sends 64 messages for a total of about 268 million
bytes during the mini-butterfly computations and of
course the no-communication methods send no mes-
sages during mini-butterfly computations. Three of the
four methods have the same communication character-
istics during the BMMC portion, but the memoryload-
major/communication method sends more messages
and more bytes.

Analysis program

The performance results above are for one prob-
lem size on one hardware/software configuration. Here
we discuss a program that analyzes the communication
requirements for all four methods.

The analysis program takes far less time than ac-
tual out-of-core FFT computations. It simply emulates
the out-of-core FFT computation but omits I/O, but-
terfly computations, and most of the work in perform-
ing BMMC permutations. The program usually runs in
under one second on a conventional workstation. Con-
sequently, one can invoke the analysis program for each
method at run time and choose the method with the
lowest communication cost to actually run.

Given which of the four methods to use, and
whether 1/O is synchronous or asynchronous, the pro-
gram produces four values: the number of messages
in the BMMC permutation subroutine, the number of
bytes sent in the BMMC subroutine, the total number of
messages in the entire FFT computation, and the total
number of bytes sent in the entire FFT computation.

Figure 8 shows the result of running the analysis
program for 258 problem instances. Both memory size
and problem size vary among these instances. Mem-
ory sizes range from 217 bytes to 23° bytes per proces-
sor, over four processors. Problem sizes range from 22°
points to 23° points. For each combination of memory
and problem size, both synchronous and asynchronous
I/O are analyzed. The figure shows how often each
method achieves the minimum over all four methods
for both total number of messages and total number
of bytes sent. For example, in 198 of the 258 instances
(or 76.74%), the memoryload-major/no-communication
method was at least as good as the other three methods
in both number of messages and number of bytes sent.
It is clear from Figure 8 that the two no-communication
methods are usually the best.

The analysis program may be of help even if no

100%

80% 76.74%
65.50%

40%

20%

1.94% 0.00%

0%

Figure 8: The result of running the analysis program for 258
problem instances with varying memory and problem sizes
and both synchronous and asynchronous I/O. Percentages
shown are how often each method sends the minimum num-
ber of messages and bytes over all four methods for a given
instance and choice of synchronous/asynchronous I/O. Be-
cause there may be ties, and because a method may achieve
the minimum in number of messages but not in number of
bytes (or vice versa), the percentages shown do not add up
to 100%.

method achieves the minimum in both messages and
bytes for a given configuration and problem size. To a
first-order approximation, communication time is usu-
ally a weighted sum of number of messages and number
of bytes. Given the message and byte counts of each of
the four methods, one can weight them appropriately
and add them together to estimate communication time.

7 Conclusion

We have examined both analytically and experi-
mentally classes of methods for computing large Fourier
transforms. In-core FFT algorithms run slowly when
they execute in a demand-paging environment. Of the
three that we examined, Swarztrauber’s method is by
far the fastest and has the best locality of reference.
The explicit out-of-core method that we developed for
the PDM is asymptotically optimal in this model, and it
has good empirical performance. On a DEC 2100 server
with two processors, large memory, and eight data disks,
our algorithm’s normalized time is competitive with in-
core methods, even when they run entirely in memory.
We looked at four ways to perform out-of-core multipro-
cessor FFTs with distributed memory using the Parallel
Disk Model. Overall, the best ways avoid interprocessor
communication during the in-core mini-butterfly com-
putations.

The advantage of the no-communication meth-
ods obviously depends on the relative speeds of pro-
cessing and communication. Our initial multiproces-
sor implementation used an earlier version of mpich—
version 1.0.13—which we found to be quite a bit slower
than version 1.1. With communication costing more
in version 1.0.13, the no-communication methods were
about 14% faster than the communication methods.
What are the future prospects of communication vs.
computation? Without question, network speeds are
improving. On the other hand, processor speeds are



improving and, even more important, programmers are
becoming sensitive to keeping processors busy by using
caches well. The performance gains from good cache
management may well exceed network improvements, in
which case the no-communication methods would gain
even more of a relative advantage compared to the com-
munication methods.

We alluded in Section 6 to one advantage of the
no-communication methods: ease of developing code.
Starting from a working out-of-core uniprocessor FFT
program, it took under an hour of programming time to
convert 1t to a multiprocessor program for the processor-
major/no-communication method, and it worked the
first time. In contrast, starting from the same point,
it took several weeks to develop and debug the stripe-
major/communication method.

Finally, we note that there are other frameworks
for out-of-core FFTs with parallel disks. Rather than
the Cooley-Tukey-based methods examined herein, [3]
shows how to adapt Swarztrauber’s method for an out-
of-core setting on the PDM.
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