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Abstract

Parallel computers are used to execute discrete-event
simulations in contexts where a serial computer is unable
to provide answers fast enough, and/or is unable to hold the
simulation state in memory. Traditional research in paral-
lel simulation has focused on the degree to which a parallel
simulator provides speedup. This paper takes a different
view and asks how a parallel simulator provides increased
user defined utilityas a result of being able to simulate
larger problem sizes. We develop a model where the util-
ity of simulating a particular simulation is an increasing
function of the problem size, and ask whether overall utility
accrues faster on a parallel computer if one uses it to sim-
ulate one large problem in parallel, several smaller prob-
lem instances concurrently and each in parallel, or con-
currently many small problem instances on single proces-
sors. We show that under our model assumptions, utility
is accrued faster either by running one large problem in-
stance in parallel using all the available processors, or by
running one small problem instance per processor, concur-
rently. When we consider how to optimize the utility per
unit cost we find that one either runs a large problem us-
ing all available processors, multiple small problems with
one per processor, or a small problem using exactly one
processor. Determination of the optimal configuration de-
pends on the user’s assessment of how rapidly utility grows
with the problem size. Our main contribution is to show
the linkage between the effectiveness of parallel simulation
and a user’s perception of the value of larger problem sizes.
We show that if that utility grows less than linearly in the
problem size, then use of parallelism is sub-optimal. We
give precise relationships between our model parameters
that govern when parallelism optimizes utility, and when it
optimizes price-performance. We see that when model pa-
rameters are in a “normal” range, a user’s perception of
utility must grow significantly—e.g. proportional to prob-
lem size raised to the1.5th power—for parallel processing
to optimize cost performance.

1 Introduction

Parallel simulation has been a research topic of interest
for over twenty years. Most of the work in the area is mo-
tivated by the desire to execute simulations faster, and most
evaluations of parallel simulations are based on how much
faster a given problem is simulated using parallelism than
it is on a serial computer. There is an important alternative
view in which parallel processing is a means of simulating
larger problem instances than are possible on a serial com-
puter. The speedup of the simulator is still important, but
as a means of making feasible the evaluation of the larger
problem, not as of an end to itself. This shift in focus is
better in line with simulation user requirements, e.g. an
ability to assess the end-to-end performance capacity of a
nation-wide virtual private overlay network. The driving
force there is the size and complexity of the network, not
simply the speed at which a simulator runs. Having said
that, high performance through parallelism is whatenables
analysis of the large network. Size and speed are insepa-
rable, but the value to the user is frequently expressed as a
function of the problem being simulated.

We are interested in the tension between the added bene-
fit a user perceives of simulating increasingly larger models,
and the costs of doing so. By modeling how the objective
costs grow as a function of model size, we can assess how
the subjective benefits must grow in order to make simula-
tion of large models cost-effective.

When we ask how best to utilize resources such as time,
and/or cost, one approach is to “discount” the benefit by
the volume of resource needed to achieve that benefit. For
example, we discount the utility of simulating a model of
a given size by dividing that utility by the execution time
required to simulate the model; we may also discount by
the cost of simulating that model. Execution time increases
at least in proportion to model size (or even larger), which
means that for a large model to have greater discounted util-
ity than a small one, utility as a function of model size has
to grow faster than does the discounting. In economic terms
this means that utility, as a function of model size, must
have a larger marginal return than the marginal cost of dis-



counting. This particular observation is true in the most
general of cases—for parallel simulation to make sense in
the context of user utility, utility as a function of model
size has to grow faster—sometimes significantly faster—
than the execution time increases of simulating larger mod-
els, and/or the cost increases of simulating larger models on
parallel computers.

We are able to more deeply explore this tension by us-
ing specific mathematical forms for the utility and the costs.
The forms we choose are capable of representing a wide
spectrum of behaviors, are simple, and are tractable from
the point of view of optimization theory. Using them we
come to what at first glance may seem as surprising, even
counter-intuitive, results : there is no middle ground. Dis-
counted user utility is optimized by being as aggressive as
possible with parallelism, or is optimized by eschewing par-
allelism altogether. The value of a simple expression of
model parameters determines the optimal outcome. How-
ever, as we will show, the extremity result is less surprising
when one compares these two options when the determin-
ing expression is close to its decision threshold : there is
actually relatively little difference between them. The value
of this expression is like a single knob on the space of prob-
lem parameters. Twisting it one goes from parameter sets
that strongly favor one extreme, though a region where the
utility of both extremes (and possibilities in between) are
much alike, to a region where the other extreme is strongly
favored. The key importance of this result is in showing
how the problem parameters, and the problem characteris-
tics they quantify, play off against each other in determining
whether parallelism offers the best discounted utility to the
user.

Our results are not necessarily practical; decisions about
utility of model size are atypical. Nor are they applicable in
contexts where meeting a real-time processing deadline is
the most important factor. In that case the utility of model
size is subsumed by the utility of meeting real-time require-
ments. However our results mayexplainin part why parallel
simulation is not widely adopted now, despite the availabil-
ity of mature parallelizing simulators. Viewed this way, the
models of user utility we present reflect unconscious atti-
tudes towards the benefit of large models and parallelism,
rather than constructively conscious ones. As is frequently
the case with theory, the value is more in qualitative expla-
nation than in quantitative prediction.

2 Related Work

Utility theory provides a way of describing subjective
value from choices. It considers a scalar-valued “utility
function” over the multi-dimensional decision space. Given
decision vectors, one compares them by comparing their
utility function values.

The literature on utility theory is large. Construction of
utility functions is an oft-considered problem, e.g., [1, 4, 6].
Issues associated with including uncertainty in the outcome
of the decision form another branch in the field. See [2] for
a collection of classical papers on utility theory.

Work related to ours[3] asks whether using parallel com-
puters to execute a simulation is cost-effective. Cost-
efficiency is a specific example of utility; a validated perfor-
mance model is developed to assess the cost-performance
tradeoffs of increasing memory size and processing capa-
bility in a parallelized simulation. Our work is different in
that we allow for user preference to define the value of run-
ning a simulation problem of a particular size. Indeed the
most interesting results in our paper address how strongly
a user must feel his utility grows as problem size grows, if
parallelism is to be a cost-effective option.

We have used utility theory to analyze the tradeoffs be-
tween speed, memory use, and functionality among net-
work simulators[10]. The idea in the present paper of asso-
ciating utility with model size and execution time was first
developed in that context. However, the earlier paper was
focused on characteristics of different simulators, while the
present paper is focused on the question of whether/when
exploiting parallelism gives the most utility.

The nature of the results we develop are reflective of re-
sults developed in the context of load-balancing[5, 9] which
showed that under “random” models of workload and com-
munication, the optimal mapping of workload to processors
was extremal—either map it all to one processor or map it
evenly among all processors.

3 Model

Recognizing that the value of larger problems is user-
dependent, our approach is based on the notion of user-
defined utility. We suppose that problem size can be param-
eterized into “problem units” (e.g., traffic load in a network
simulation, or number of queues in a queuing network sim-
ulation), and will describe problem size by a variablem; we
will use µ(m) to denote the user’s utility of simulating an
experiment with problem sizem. This size is discrete by
nature, but we will treat it as continuous and differentiable.
This assumption does not affect the results so much as it
allows concise arguments leading to those results.

In our model we wish to simply capture the notion that
user utility may grow as the problem size simulated grows.
A simple model that expresses a wide range of growth be-
haviors isµ(m) = cmmα, for some positive constantscm

andα. Exponentα expresses how rapidly utility grows as
problem size grows; it turns out to be a key determinant of
the optimal system configuration.

However, it is often the case that with larger problem
sizes comes the need to advance the problem further into



simulation time, in order to push the system in “equilib-
rium” where meaningful statistics can be collected. So
with increasing problem size comes the need to do more-
than-proportional amount of work. This implies a trade-off
problem—is the added utility of simulating large problems
significant enough to offset the added computational cost
of doing so, a computational cost that grows because the
problem size growsandmust be simulated further along the
simulation time axis than smaller problems?

Suppose we have a parallel machine withN processors,
each able to simulate up tomx units of problem. We don’t
specify whether the machine’s memory is shared or dis-
tributed. However we do assume that as the number of pro-
cessors grows, the total amount of available memory grows
proportionally. There are a variety of ways we might use
this system to execute simulations. One extreme is to use
each processor concurrently on individual problems, none
greater than sizemx. Another extreme is to use the entire
machine in parallel on one problem, of size no greater than
Nmx. We could also partition the machine into subma-
chines of various sizes, and run differently sized problems
in parallel on each, concurrently. We would like to be able
to compare these different options, to determine which pro-
vides the greatest aggregate utility.

Each simulation experiment that is run provides a certain
utility; we normalize all these options by dividing the utility
a simulation run provides by the execution time required to
conduct the experiment. We assume that the partitioning of
the parallel system is static over a long period, and that a
partition element continuously simulates a problem of the
same size—as soon as one experiment of that problem size
is finished, another begins. We can therefore associate with
each partition element autility rate, obtained by dividing
the utility gained by one experiment of the chosen problem
size by the execution time needed to complete the exper-
iment. Then to get the system’s aggregate utility rate we
sum together the utility rates of all its partition elements.
Under these assumptions we can compare two very differ-
ent configurations by comparing their respective aggregate
utility rates.

We can extend this approach further and associate acost
with the use of a parallel machine, a cost that varies with
the number of processors used. We are then interested in
the system size (N ) and configuration that optimizes the
utility rate cost performance—the aggregate utility rate per
unit cost.

We approach these optimization problems by using an
intuitive model of execution time which expresses a depen-
dence on problem size and number of processors used. Un-
der its assumptions we show that the configuration which
maximizes the aggregate utility rate is always extreme: it is
either best to simulate one problem using all processors, or
to simulate one problem per processor, concurrently. De-

termination of which extreme is best depends on the rate
of utility increase (α) in problem size, the rate (ε) at which
length of the simulation must grow to reach equilibrium as
the problem size grows, and the rate of performance in-
crease (β) as additional processors are used in the simu-
lation. Of these onlyα is subjective, and the user’s per-
ception of how utility increases in problem size effectively
determines which of the extreme configurations optimizes
the aggregate utility rate.

We suppose that the cost of using a machine withN pro-
cessors is proportional to the execution time multiplied by
Nρ, for someρ > 0. This models a range of pricing poli-
cies for shared use of a large-scale shared machine. Since
large-scale runs are harder to schedule, economic disincen-
tives may be introduced for large runs, to limit them to those
who need and can afford them. For this caseρ > 1 is appro-
priate. It may alternatively be that use of large numbers of
processors is actually encouraged, perhaps to better justify
the original purchase of the machine. For this case a less-
than-proportional cost increase is modeled usingρ < 1. For
any value ofρ > 0, we show that the configuration that op-
timizes utility rate per unit cost is likewise extreme: either
one should not use parallelism at all, or should use all of
the available processors. Once again the prime determinant
is the user’s subjective rateα describing how utility grows
with increasing problem size.

We describe native application behavior by two charac-
teristics. The first characteristic is model size, parameter-
ized bym, as described earlier. The second characteristic
is the length of simulation time needed for an “interest-
ing” run for a problem of sizem, denoted byT (m). In
some contextsT (m) may be independent ofm, in others
it may increase as a function ofm. For example, some
classes of Markov chains are known to converge to equilib-
rium “exponentially fast”[11], e.g.,T (m) ∼ log m. Other
Markov chains exhibit longer time requirements, even pro-
portional to the “size” of the physical structure giving rise
to the Markov chain [7].

We describe the capabilities of the simulation engine by
two characteristics. The first is parameterγ—the average
execution time needed to evaluate one unit of problem for
one simulation second on one CPU of the system.γ may de-
pend onm. For example, the execution cost per unit prob-
lem in a simulation where particles interact may grow in
the square of the problem size, to account for analysis of
all interactions. We denote the dependence of both the sim-
ulation length and the execution time per unit problem by
modeling the execution time on one processor as

x(m, 1) = ct(γmε1)×m×mε2

= ctγm1+ε

where we can combine the growth inγ and the growth in
simulation run length withε = ε1 + ε2. The second char-



acteristic describes the ability of the simulation to be paral-
lelized. We let functiona(N) be the speedup of executing a
problem with on a parallel system, usingN processors. Our
expressions fora(N) assume that the workload is evenly
balanced among theN processors. In practicea(p) depends
both on the application’s inherent parallelism, and on the ar-
chitecture of the engine on which it runs. We use a simple
descriptive model to capture the expectation that speedup is
sub-linear inN . We leta(N) = Nβ for someβ ∈ (0, 1),
for all N ∈ [1, Nx]. We limit the range of processors to ac-
count for the expectation thateventuallyscalability issues
cause performance to decrease by adding processors. The
proposed model accounts for behavior over the range when
adding processors improves performance. The remainder of
the paper tacitly assumes that the system size is limited by
Nx.

Using these concepts we express the execution time of
an application with problem sizem onN processors as

x(m,N) =
x(m, 1)
a(N)

=
ctγm1+ε

Nβ
.

Our model supposes that a user’sutility of running a sim-
ulation experiment on a problem of sizem is a function
µ(m) = cmmα, for some constantscm > 0 andα ≥ 0.
Units and interpretation of the meaning of this function are
entirely the user’s. Under this model the rate (in wall-clock
time) at which utility is accrued simulating a problem of
sizem, usingN processors is given by the following defi-
nition.

Definition 1. Theutility rateat which utility is accrued sim-
ulating a problem of sizem, usingN processors, is

λu(m,N) =
µ(m)

x(m,N)

=
cmmα

(ctγm1+ε)/Nβ

= Kumα−(1+ε)Nβ

whereKu = cm/(γct).

The next section establishes the main results we obtain
using this model.

4 Partitioning

The central problem we address in this paper is a par-
titioning problem : how do we employ the resources of a
parallel system in order to optimize a user’s aggregate util-
ity? We first illustrate the problem by example, and then
develop the formal results.

4.1 Example

If we have a parallel system withN processors, we can
use it in different ways. We might partition it so that 1/2
of the processors are used on one large problem, 1/4 of the
processors are used on a problem that is half the size, and
the rest of the processors are used on individual problems.
Or we could chose a different partition—there are combi-
natorially many different possibilities. We wish to identify
the one that delivers the best overall utility. This desire is
what motivated our consideration of the utility rate function.
Even though different partitions may execute problems of
different sizes, and have different execution times, if we
consider that a partition executes one problem after another,
each of the same size, then all processors in system are are
busy all the time. This is illustrated in Figure 1, which de-
picts a four processor system. The upper partition uses all
four processors on one problem, of size4mx. The middle
partition uses two processors on one problem of size2mx,
and 1 processor on each of two problems of sizemx. The
lower partition uses 1 processor on each of four problems of
sizemx. The execution timex(4mx, 4) of one experiment
of the first partition is larger than the execution time of one
experiment using two processors (x(2mx, 2)), which in turn
is larger than four concurrent problems of sizemx; this is
due in part to the need for larger problems to run farther in
simulation time, and for the sub-linear performance gain of
using parallelism. Nevertheless we can compare these par-
titions by computing utility rates, obtained by dividing the
utility gained by one experiment on one partition element
by the wall-clock time needed to complete that experiment.
We can compute the aggregate rate at which utility is built
up by summing the utility rates of the individual partitions.

The aggregate utility rate for the fully parallel partition
is cm(4mx)α−(1+ε)4β/(ctγ), for the partially parallel parti-
tion it is (cm(2mx)α−(1+ε)2β +2cmm

α−(1+ε)
x )/(ctγ), and

for the serialized partition it is4cmm
α−(1+ε)
x /(ctγ). These

expressions show the centrality of the termα − (1 + ε) in
determining utility rate. For the purposes of illustration we
choose constantscm = mx = ct = γ = 1, andβ = 0.8
(recall that speedup is modeled aspβ). Figure 2 plots the
utility rate as a function ofx = α − (1 + ε). Interesting
aspects of this graph are that either the fully parallel or the
fully serial partition is always optimal, and the threshold
that determines which one is optimal isx = 1 − β. This
graph also illustrates the point we made earlier—that in the
region of the crossover point,all of the partitions have very
close to the same utility rate. It is only when the expression
α− (1 + ε) is not close to1− β that there is a pronounced
difference in the utility performance of the fully parallel and
fully serial partitions.

There is a strong theoretical reason for the type of be-
havior illustrated in this graph. We turn now to formally es-
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Figure 1. Measuring utility rates of two different system partitions

Figure 2. Illustration of utility rates for different partitions as a function of x = α− (1 + ε)



tablishing the result that the optimal partition is either fully
parallel, or fully serial.

4.2 Analysis

Our natural notions of problem size and number of pro-
cessors are discrete. However it will be convenient for us
to consider them as continuous variables, so that we may
take derivatives of functions likeλu(m,N). We use these
derivatives legitimately to establish monotonicity and con-
vexity properties of the discrete version of the function.
Therefore it is legitimate and mechanical to derive the first
and second partial derivatives ofλu with respect tom. Re-
calling that continuous convex functions are characterized
by having non-negative second derivatives, while concave
functions are characterized by having non-positive second
derivatives, one can establish the properties forλu(m,N)
given by the following lemma.

Lemma 1. Letλu(m,N) be as defined in Definition 1, and
let N be fixed. Thenλu(m,N) is

• decreasing convex inm whenα− ε ≤ 1,

• increasing concave inm when1 ≤ α− ε ≤ 2,

• increasing convex inm whenα− ε ≥ 2.

We are also interested in the behavior ofλu(p ·m, p) in
p (whereas we consideredN to be system size, we usep
to denote variability), for fixedm. This describes how the
aggregate utility rate increases when, as we add a processor,
we likewise addm units of problem (presumably for that
processor to work on). It is again mechanical to establish
the properties forλu(p·m, p) given by the following lemma.

Lemma 2. Let λu(m, p) be as defined in Definition 1, and
let m be fixed. Thenλu(p ·m, p) is

• decreasing convex inp whenα + β − ε ≤ 1,

• increasing concave inp when1 ≤ α + β − ε ≤ 2,

• increasing convex inp whenα + β − ε ≥ 2.

We wish also to model the financial cost of using parallel
processors, in order to address configurations that optimize
cost-effectiveness. Our model is based on the assumptions
that cost is proportional to wallclock execution-time, and is
super-linear in the number of processors used. We suppose
that the cost (per unit execution time) of usingp processors
is ccp

ρ, for somecc > 0 andρ ≥ 1. This models the pricing
structure one expects of a shared supercomputer.

The notion of cost leads to the next definition.

Definition 2. The utility rate cost performancefunction
λc(m, p) describes the utility rate per unit cost as a function
of p, and is given by

λc(m, p) =
µ(m)

x(m, p)ccpρ

=
cmmα

ctγm1+εccpρ/pβ

= Kcm
α−(1+ε)pβ−ρ

whereKc = cm/(γctcc).

Since the only difference betweenλu(p · m, p) and
λc(p · m, p) is the constant and the exponent ofp, we can
immediately characterizeλc(p ·m, p):

Lemma 3. Let λc(m, p) be as given in Definition 2. Then
λu(p ·m, p) is

• decreasing convex inp whenα + β − ε− ρ ≤ 1,

• increasing concave inp when1 ≤ α + β − ε− ρ ≤ 2,

• increasing convex inp whenα + β − ε− ρ ≥ 2.

We now turn to the problem of characterizing the optimal
partition. The following result is obvious, but needs to be
stated.

Lemma 4. Consider a problem of sizem and a parallel
system ofN processors, and assume the constraint that ev-
ery processor must work on some part of the problem. If the
simulation execution time is minimized when each proces-
sor handlesm/N problem units, then both the utility rate
and utility rate cost performance functions are maximized
when each processor handlesm/N problem units.

Proof: Both rate functions contain the execution time
in their denominators, the rest of the functions being unaf-
fected by workload distribution. Minimizing the execution
time maximizes the rate functions. �

The next result states that when the number of processors
to use is fixed, then the utility rate is maximized either for
the largest problem size of interest possible on the machine,
or the smallest problem of interest.

Theorem 5. Let p be fixed. Suppose that every processor
must simulate at least one problem unit, and that the maxi-
mum problem size that can be simulated usingp processors
is p ·mx. Then

• If α+β−ε ≤ 1, thenλu(m, p) is maximized atm = p,
otherwiseλu(m, p) is maximized atm = p ·mx.

• If α + β − ε − ρ ≤ 1, thenλc(m, p) is maximized
at m = p, otherwiseλc(m, p) is maximized atm =
p ·mx.



Proof: By Lemma 4 we know that when the utility
rate or the utility rate cost performance functions are max-
imized, under the constraint that each processor do some
work, each processor does the same amount of work. Then
the formulas of Definitions 1 and 2 apply, as do Lemmas 2
and 3, which state the thresholds forλu(m, p) andλc(m, p)
to be increasing or decreasing. �

Theorem 5 has a lot to say about how model parame-
ters interact to describe utility within the framework of our
model. The beneficial effects of parallelism (reflected inβ)
work to offset the detrimental effects of increased runtime
(reflected inε). In practice the balance will tend to weigh in
favor of parallelism, asβ will tend to be close to one, while
ε will tend to be much smaller (at least when the execution
cost per unit problem is constant). Ifβ−ε > 0, then the rate
of growth in utility (α) needed for large problems to have
larger utility than small problems doesn’t have to be even
linear (α = 1). The bar is higher though when we consider
the cost per unit utility. The cost exponentρ has value 1 or
larger, which means that from a cost-performance point of
view, for large problems to have larger utility requires that
α+(β−ε) ≥ 1+ρ ≥ 2. This implies thatα must exceed 1,
i.e. that user utility must grow super-linearly in the problem
size.

We can describe the partitioning of a machine withN
processors by a vector(p1, p2, . . . , pN ), where0 ≤ pi ≤
N for i = 1, 2, · · · , N , and

∑N
i=1 pi = N . We interpret

λu(pi ·m, pi) as the utility rate delivered by a submachine
with pi processors, noting thatλu(0, 0) = 0. By Lemma 1
we know that whenα − ε ≥ 1 then the utility rate of each
individual submachine is maximized when it simulates as
large a problem as it can—a submachine withpi processors
simulates a problem of sizepimx. In this case the aggregate
utility rate delivered when the machine is so partitioned is

Ψ(p1, p2, . . . , pN ) =
N∑

i=1

λu(pi ·m, pi). (1)

Still assuming thatα − ε ≥ 1, we note that sinceβ > 0
then α + β − ε > 1, which ensures (by Lemma 2) that
λu(p ·mx, p) is increasing inp. By that same lemma,λu(p ·
mx, p) is concave inp if α + β − ε ≤ 2, and is convex inp
if the inequality is reversed. In the former caseΨ is Schur-
concave[8], and is maximized when every partition element
has one processor; in the latter case it is Schur-convex[8]
and is maximized when one partition element is given allN
processors. This result is summarized below.

Lemma 6. Let (p1, p2, . . . , pN ) describe a partition of a
parallel machine, so that

Ψ(p1, p2, . . . , pN ) =
N∑

i=1

λu(pi ·m, pi)

gives the aggregate utility rate associated with the partition,
when each processor operates on fixedm units of problem.
Suppose thatα− ε ≥ 1. Then

• whenα + β − ε ≤ 2 the aggregate utility rate is maxi-
mized whenm = mx, using partition(1, 1, . . . , 1), i.e.
each processor concurrently runs one problem of size
mx;

• whenα + β − ε ≥ 2 the aggregate utility rate is maxi-
mized whenm = mx, using partition(N, 0, 0, . . . , 0),
i.e. by running one problem of sizeNmx in parallel,
using allN processors.

This result says that it isn’t enough just for user utility to
increase inm (i.e., thatα − ε ≥ 1). In order for parallel
processingon a single problemto deliver higher utility than
concurrent processing of parallel individual problems, we
need forα+β−ε ≥ 2. Sinceβ ≤ 1 and0 ≤ ε, in every case
we must haveα ≥ 1. The longer that simulation runtimes
grow with increasing problem size (i.e. increasingε), and
the less efficient parallel processing is (i.e. decreasingβ),
the largerα must be to satisfy this relationship.

Suppose instead thatα−ε < 1. We know from Lemma 1
that under the constraint that each processor simulate at
least one unit of problem, the utility rate is maximized when
each processor simulates only one unit of problem—a parti-
tion with pi processors simulates a problem of sizepi units.
Now consider how such a partition’s utility rate behaves as
a function ofp. That rate is

λu(p, p) =
cm

γct
pα−(1+ε)+β .

From this we see thatλu(p, p) is monotone inp—increasing
whenp’s exponent is non-negative (α−(1+ε)+β ≥ 0) and
decreasing when non-positive. Under the assumption that
α − ε < 1 either case is possible, depending onβ. How-
ever we do know that in both casesα − (1 + ε) + β ≤ 1,
becauseβ < 1. This means that when the exponent
of p is non-negative,λu(p, p) is concave inp, so that∑N

i=1 λu(pi) is Schur-concave, maximized whenpi = 1 for
i = 1, 2, . . . , N . When the exponent ofp is negative, then
λu(p, p) is decreasing inp, and is optimized atp = 1. In this
case also the aggregate utility rate is achieved when each
partition has exactly one processor. Thus we have proven
the next lemma.

Lemma 7. Let (p1, p2, . . . , pN ) describe a partition of a
parallel machine, so that

Ψ(p1, p2, . . . , pN ) =
N∑

i=1

λu(pi ·m, pi)

gives the aggregate utility rate associated with the partition,
where each processor operates on fixedm units of problem.



Suppose thatα − ε < 1. Then the aggregate utility rate is
maximized whenm = 1, using partition(1, 1, . . . , 1), i.e.
each processor concurrently runs one problem of size1.

This result demonstrates that if the utility growth rateα
isn’t at least linear in the problem size (i.e.α = 1) then
parallel simulation of a large model does not make sense
from the point of view of optimizing user utility.

These last two lemmas establish the basic result.

Theorem 8. The partition optimizing the aggregate utility
rate is extremal. Whenα + β − ε ≥ 2, then the aggre-
gate utility rate is maximized by simulating one problem of
sizeNmx in parallel on all N processors. Otherwise the
aggregate utility rate is maximized by concurrently simu-
lating N problems, one per processor. In this case when
1+β ≤ α− ε+β ≤ 2 each processor handlesmx problem
units, but whenα − ε < 1 each procesor handles only 1
problem unit.

It is now not difficult to show that the configurations that
optimize the utility rate cost performance are also extremal.
Since the utility rate cost performance function is the aggre-
gate utility rate divided bycpN

ρ, whenN processors are
used, the configurations where the cost performance func-
tion is optimized necessarily are configurations that opti-
mize the aggregate utility rate. Then, if the cost per pro-
cessor decreases inN (ρ < 1) then obviously the optimal
solution will use as many processors as possible, If the cost
per processor increases inN (ρ > 1)

Theorem 9. Let

Ω(p1, p2, . . . , pN ) =
Ψ(p1, p2, . . . , pN )

cpNρ

denote utility rate cost performance function, wherecp > 0
andρ ≥ 1. Then the partitions maximizingΩ are extremal
:

• Whenα+β−ε−ρ ≥ 1, thenΩ is maximized whenm =
mx, using partition(N, 0, 0, . . . , 0), and furthermore
is an increasing function ofN .

• Whenα + β − ε − ρ < 1 and ρ ≥ 1, thenΩ is a
decreasing function ofN , and so cost performance is
optimized using a single processor. In this case

– whenα − ε ≥ 1 the problem simulated hasmx

problem units,

– whenα − ε < 1 the problem simulated has only
1 unit.

• Whenα + β − ε − ρ < 1 andρ < 1, thenΩ is an in-
creasing function ofN . Cost performance is optimized
by running individual models serially. In this case

– whenα − ε ≥ 1 the problem simulated on each
processor hasmx problem units,

– whenα − ε < 1 the problem simulated on each
processor has only 1 unit.

Proof: First consider the case whereα− ε+β−ρ ≥ 1.
This implies thatα−ε+β ≥ 1+ρ ≥ 2, so (by Theorem 8)Ψ
is optimized on a problem of sizeNmx running in parallel
onN processors. We may write

Ω(N, 0, 0, . . . , 0) =
cm(Nmx)αNβ

ctγ(Nmx)1+εccNρ

= K ′′Nα−(1+ε)+β−ρ (2)

for an appropriate constantK ′′. Sinceα + β − ε − ρ ≥ 1,
the exponent ofN is non-negative, which implies that the
cost performance function is an increasing function ofN .

Next consider the case whereα − ε + β − ρ < 1. De-
pending onρ, it is possible also forα + β − ε ≥ 2 (so
that by Lemma 6 the utility rate is maximized on a prob-
lem of sizeNmx, using allN processors): we need for
2 ≤ α + β − ε ≤ 1 + ρ. Equation 2 applies, but the ex-
ponent ofN is negative. This means that from the point of
view of utility rate cost performance, smaller is better. The
best case is whenN = 1—there is no parallelism at all, and
the optimal model size ismx. If insteadα + β − ε < 2
while α− ε ≥ 1, then Lemma 6 says thatΨ is optimized on
(1, 1, . . . , 1), with mx units of problem on each processor.
In this case

Ω(1, 1, . . . , 1) = N
cmmα

x

ctγccNρ

=
cmmα

x

ctγcc
N1−ρ.

Whenρ ≥ 1, this function is non-increasing inN , and so
again the best case is whenN = 1, and the model size is
mx. However, whenρ < 1, the function is increasing inN ,
but the model size simulated on each processor ismx. The
final case to consider is whenα+β−ε < 2 whileα−ε < 1.
Lemma 7 says thatΨ is optimized on(1, 1, . . . , 1), with one
unit of problem on each processor. The expression ofΩ for
this case is identical to the one immediately above, with
1 substituted formx. This means that withρ ≥ 1, Ω is
again non-increasing inN , is optimized atN = 1, where a
problem of size 1 is simulated. Withρ < 1, Ω is increasing
in N , but each processor simulates one model of size 1.�

It is interesting to note that it is possible for the utility
rate to be optimized using parallelism, but have the util-
ity rate cost performance be optimized on a serial machine.
The conditions where this holds are thatα+β− ε ≥ 2, and
α + β − ε− ρ ≤ 1; this is equivalent to

2 ≤ α + β − ε ≤ 1 + ρ.



Not surprisingly, the larger the growth in cost is, the easier
it is to satisfy this inequality. However, whenρ is close to
1, the condition arises only when the other factors are in a
delicate balance.

Theorem 9 ndicates that from a utility cost performance
point of view, it is necessary thatα+β− ε−ρ ≥ 1 for par-
allel processing to make sense. This has potentially strong
implications for what the user’s sense of utility growth in
problem size must be. For example, if the simulation run
length grows modestly, in proportion tom0.3 (i.e. ε = 0.3),
if parallelism delivers much—but not all—of its potential
(β = 0.9), and the cost of usingN machines is propor-
tional toN1.1, thenα must be at least1.5 for parallelism to
be cost-effective. Even in the most favorable case possible
(β = 1, ε = 0), parallel processing makes cost performance
sense only whenα ≥ ρ ≥ 1, in short, utility growth must
be super-linear.

5 Conclusion

We have examined the question of when parallel simu-
lation is advantageous to a user, employing the notion of
the user’s utility. We construct an analytic model that is
focused on the user’s utility as a function of problem size.
Our model includes factors such as super-linearly increas-
ing workload in problem size (due to longer simulation
runs, and increased work per unit problem), the inefficien-
cies of parallel processing, and the time-space cost of using
a shared parallel system. To our knowledge our application
of utility theory to this problem is unique; our results con-
tribute both to the economic decision theory literature, and
to the parallel processing literature.

We consider the problem of how to partition a parallel
machine so as to maximize the aggregate rate at which user
utility is accrued. Under our model assumptions we show
that utility is optimized under extremal conditions. Either
(i) one should simulate the largest problem possible, in par-
allel, using all available processors, or (ii) one should sim-
ulate the largest problem one processor can handle, concur-
rently on each processor in the system, or (iii) one should
simulate thesmallestproblem, concurrently on each proces-
sor in the system. Furthermore, we show that if utility does
not grow at least as fast as linearly in the problem size, then
simulating a large model in parallel is sub-optimal.

We then consider how to optimize the utility rate cost
performance function—the utility rate per unit cost. We
again see an extremal solution: either use all processors
in parallel on the largest problem possible, run the largest
problem possible for one processor on each processor con-
currently, or use only one processor (either on the largest
problem that that processor can handle, or just on one unit of
problem). The requirements on utility growth for the paral-
lel approach to optimize cost performance are even higher;

it is possible to have a system where the utility rate is opti-
mized using the parallel solution, but the cost performance
is optimized using a single processor. “Typical” values for
our model parameters suggest that the utility must grow in
proportion tom1.5 or higher,m denoting the problem size.

While the modeling assumptions are simple and not es-
pecially quantitatively predictive, thequalitativetake-home
message is quite clear : when we view the usefulness of
parallel simulation through the lens of problem-sized-based
user utility, parallel simulation makes sense only when that
utility growssignificantlyas a function of problem size.

Our work is better at explaining one reason why par-
allel simulation has not been widely adopted, then it is at
aiding a practicing simulationist. Nevertheless, it provides
a novel framework for understanding the factors that may
affect user perceptions of parallel simulation. Even so, it
should be noted that this conclusion rests on model assump-
tions which, when changed might alter the extremity con-
clusions, or the conditions under which parallel simulation
becomes attractive. One aspect that is not captured by our
model is the fact that increasing model size for a fixed num-
ber of processors tends to increase parallel efficiency—in
our model efficiency is independent of model size. Our opti-
mality results are limited to the assumption that a fixed par-
tition set will be repeatedly used, forever. It may be that in
a finite-horizon problem formulation an optimal approach
would not be extremal. Further work in this area will ad-
dress such issues.
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